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SUMMARY 


A method of stress analysis Is presented for a continuous "beam- 
column - supported "by deflections! and rotational springs- ( The prin- 
cipal feature of the method is the use of a relaxation procedure 
to determine the deflections ana rotations of the supports. The 
shears and moments at the supports and "between the suppor ts can 
then be calculated with .the aid of simple equations anST graphs. 

An example. Is presented to Illustrate the use. of the method. 

. . . .. INTRODUCTION 1. V 

The usual simplifying as simp felons " made . . In - the stress analysis 
of a continuous beam-coiumn are that the supports are unyielding 
and that they provide no resistance to rotation. In actual struc- 
tures the supports are always somewhat flexible. A simple way . 
of taking the flexible resistance of the supports into account Is 
to assume that each support consists of two independent elastic 
springs one, a dqflectlonal spring and .the., other , a rotational 
spring. This idealization is shown in figure 1. The values of ., 
the spring stiffnesses depend upon the nature of the support's "and 
must be . calculated or estimated "by the designer * 

Even after this simplified representation of the supports 
has been made, the usual methods of analysis are "quite inadequate 
except in special cases. The. unknown yielding, of the supports 
makes the usual type of moment distribution described" in refer- 
ences.! and 2. not readily applicable, and solution by the, dif- ■ 
ferential-equation method beccmes exceedingly involved as the 
number of spans increases. . 
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The method of the present paper Is proposed as a practicable 
procedure for the stress analysis of an elastically supported 
continuous beam-column having supports that may be represented by 
deflections! "and rotational springs,; A relaxation process is used 
to determine the deflections and rotations of the supports and the 
deflection curve, 'shears, :and bending moments are then calculated 
■with the aid of simple equations and graphs. The method is 
applicable only , when the stresses, are below the proportional limit. 
In all other respects it is quite general. However, tables and 
graphs to facilitate the use of. the method. have been prepared only 
for the more important cases involving axial compression and spans 
•with uniform flexural stiffness. • •• 

A simple problem is solved to i3J.ustra.te the use of the method. 


SIGN CONVENTIONS 


In the present • paper, the si gn , oonverit i pns. ar 0 . as., follows; 
Daflectionls positive downward. Rotation is positive clockwise . 
Lateral loads and external .farces* except. .the resisting -force. of 
a . deflect ional- spring, are- positive,. downward*. -The- resisting force 
of a .deflections! spring is positive; upwards . . Externally applied 
moments, except the resisting moment of a rotational spring, are 
positive clockwise. The resisting moment of a rotational spring 
is positive counterclockwise « The' internal shears and moments 
acting upon the ends of a single span (spring supports excluded) 
are positive downward and clockwise, respectively. In the figures 
of. tho present paper deflections,* rotations.,: ;forc,es, and moments 
are always' shorn in their ■ positive directions , - : 


smBom 


General .- The fallowing symbol a 'apply throughout the .present 
paper: : <_■; -y.% -. y - . .• . 


P 

L 

E 

I 


axial load (parallel to undeflected axis of beam-column) 
i^ngth of span r.;-:, '.* JAu . 


•young’ s . modulus of. elasticity . * . ,• • - • ■/ - - 

moment ; of 'inertia of -'cross.-sectional area about. neutral 
bending axis .••• -u vtv: — v 


o 


1 


F 
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v 


J =■ \|ei/p 
L/J 


K 

x 

y 

A... 


nondimensional measure of- axial load in. span (L ft/KL) 

deflectional stiffness of support, force .per unit 
■deflection • 

rotational stiffness of support, moment per radian 

distance of point on span from left end of span 

deflection of point on loaded- team-column from its 
position tefore loading’ 

.deflection of- point-, on span with, respect to left end 
of span; positive ■ downward . 


shear 


M moment 

Single span. - The following symbols apply to a single axially 
loaded span free at one end and clamped at the other end. (for 
examples, see figs . 5 and 6 , ) In general, a symbol C .stands for 
a force per unit deflection- or rotation,, and a symbol K stands 
for a moment per unit .deflection or rotation.- The subscript S 
indicates that an effect (force- or moment) associated with .deflec- 
tion of the free end is being considered. , The subscript & indi- 
cates that an effect associated with rotation of the free end is 
being considered. The subscript 3? indicates that the effect 
denoted- by -the symbol' occurs at the free- and,’ and the subscript C 
indicated that the effect is at the clamped end < Those symbols 
with the subscript L apply to a sjfan extending to the leftfrom 
the ..free end (for example. Bee fig. 5), and thosp with the sub- 
script \R apply to a span extending to the right from the free 
end. (For example, see fig. 6 .) ...... . 

S deflection at free end 

0 rotation at free, end .. . . .... .. 

^®L(or e)] ^ orc& an ^ moment .required, at free end to produce unit 
y rotation (0 = l) and zero deflection (5 = 0) at 

K ^L(orE)j. ° ni : . . .. 


3 
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Cc0 L(or B) 
■^GSl>(er B) 

^®L( or B) 
Kfs L( or 'IT)'! 


force and moment produced at clamped end by'. unit 
rotation (0=1) and zero deflection (8 » 0) 
of free end ' 


force and moment required at- free, end to produce 
unit deflection (5 =-l) and zero rotation 
. , ( 0 .;= Q).y- at . free end v; 


C ° D L(or ; R) 
^G 5 L(or R) 


force and moment produced at clamped end by unit 
■ deflection (6 = 1) • and zero rotation (9 = 0) . 
of free end 


Two- span beam-column . - The following symbols apply to a two- 
span continuous beam-coltanh with, the ends ' clamped and the center 
Joint supported by a deflectional and a rotational .spring, (For 
example, see fig. b.) 


S deflection of center Joint 

S'" 1 rotation of center Joint L ■ ' . ' 

external'- Force- and moment 1 required at center Joint 
to produce unit- rotation (9 l) ■ arid, zero deflec- 
tion (•&■ = 0) of -Joint -' •" : 

• ! ( C Q •= GFS-l ■+ - and Kg = K + +• Kj’ej^ : 

external force and ‘moment .required: at ‘center Joint 
to produce. unit deflection . ( 8 =: l) and zero' rota- 
tion (9 = 0) Of Joint,;- .-■■ 

~ G ■+ Gps^ • + • add- + Kp&g^. 

Other symbols are defined throughout the "text vhere they are first 
used. 




CALCULA1 ION OF DEFIFCTIONS' AND ROTATIONS OF SUPPORTS 
BY-T322 PROCEDURE OF FORCE AKi) KOtefiNT PISTRlBUSiOH 


■When an elastically supported continuous beam -column, such as 
that shown diagrammatically in figure 1, is gradually loaded all the 
supports deflect and rotate until a condition of stable equilibrium 
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is reached. To solve for these deflections and rotations directly 
by means of the beam-flexure differential equation may be feasible 
for a beam -column supported at only two or three points. A direct 
solution'for a beam-column supported at many points, however, 
usually involves a great, if not a prohibitive, amount of algebraic 
and numerical work. In order to effect a solution for this cane, a 
relaxation procedure somewhat similar to moment distribution may- 
be used. 

At the outset all the Joints are assumed to be "locked" or 
"frozen" against deflection and rotation, and the loads are applied. 
The fixed-end shears and moments produced at the span ends are then 
calculated. The locking force required at any Joint is equal to 
the algebraic sum of tho fixed-end shears at the Joint; similarly, 
the locking moment is equal to the algebraic sum of the fixed-end 
moments at the Joint. (Jigs. 2 and 3 in the present paper and 
graphs IH to X of reference 1 or figs, 14: 14 to 14:21 of refer- 
ence 2 can be used to calculate the fixed-end, moments produced by 
several common types of loading in a span having uniform El and 
constant axial compression. The fixed-end shears for any span can 
be calculated by applying the equations of statics to the span 
after the fixed-end moments have been determined. ) 

Thenj at any Joint a force F (hereinafter called the 
"balancing force") equal but of opposite Bign to the locking force 
and a moment M (hereinafter called the "balancing moment")., equal 
but of opposite sign to the locking moment are applied. : -The effect 
of applying these quantities F and M is to "unlock" or to 
release the Joint. As a result of this unlocking the Joint under- 
goes a vertical deflection 8 and a rotation 8 (see fig. 4) -vdiich 
are given by the following formulas identical to equations (A17) 
and (Al8) in appendix A: 


5 


O9 Z e- 

— - M + *— F 
2 2 


(i) 


a 




( 2 ) 


The symbol K q stands for the total rotational stiffness of the 
Joint, as used in ordinary moment distribution. The quantities C q, 
Cg, and Kg, are other kinds of stiffness which have special 
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significance! for a Joint with two degrees- of freedom.. These 
four stiffnesses are defined physically in -the symbols and are given 
by the equations 


Kq = k + - 

( 3 ) 

Cq - + ^FSp 

( 4 ) 

Cg = C + Opg^ + pF5p 

( 5 ) 

&8 = %& L + Kp&^ = Cg 

. ( 6 ) 


where C is the deflect! onal stiffness of the support at the Joint 
in' units of force per unit deflection and K is the rotational- 
stiffness of the support at the Joint in units of moment per radian. 
The quantities Kpe L , Kpe-g, C]jg L , Cp^, Cp8 L , Cp&R, Kp8 L , 

and % 5 p are component stiffnesses contributed to the Joint by 

the two members entering the Joint. They are defined in the symbols 
and can be readily evaluated with the- aid of .tables 1 and 2 for the 
special..case of a span having uniform El and constant axial 
compression.' The symbol D represents a particular combination 
of the stiffnesses Kg, - Cg, and Cg and is defined by the equa- 
tion . . ■ ■ 

D = KgCg - Cg 2 ■ - • - (7) 

For the special case in which the rotational, spring constant K 
is infinite, no rotation of the Joint occurs, and the deflection is 
given by the equation 


0 



(8) 


For the case in which the deflectional spring constant C is 
infinite, no deflection of the Joint occurs, and the rotation is 
given by the equation 


e = 




( 9 ) 


6 
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After deflection, and rotation; the- unlocked Joint is in equi- 
librium under -the ■ baiancilig force'’ " "F - and the • b alar c in g.r client : M. 
•The Joint 3 s therefore balanced. and' iB again. locked, .this time in 


its' new equAlibritaa' position. 


In the course of -the balancing, shears end.- moments are induced 
at ■ the clamped ends • of •• the t-wo • spans entering': the. Joint. These, 
shear a end moment s are Bhown' on the free^body •diagceeiB" in. figures 5 
add : 6 .-’They* Ea-p'be- calculated . ffcSi the- 'formulas • . 


Sqf, = c CSxf + C CSi ! 5 ' 
s Qh" ~ lc C % 9 t c d% & . 
M CL = K C0j j ° + 

1'IGr = ^b&o 6 + ^Og 5 
n . - *■ - r - • • ^ ■■ * • 


( 10 ) 

U;(ll) 

.( 12 ) 

(13) 


••where 


Shear' induced at . clampdd end of deft -hand span (fig. 5)' 
m^eht.! induced ah. . clamped . end. of ;'left-hhnd- span (fig.. 5) 
S(Vj shear induced at clamped end of ri^^-heuid span (fig. 6) 

*’*’■ .* . - - - ■ - * ... -• • .i -r t 

* mcsfetit ’ induced at clemped of ri^it-hahS. Span.' (fig. ; 6) 
5 deflection of balanced Joint; from equation (l) or (3) 


rotation of the balanced Joint; frcm equation (2) or (9) 


The- quantities ..- C^, ”. C C0 E ) - ' c 03$j"- - a:a & ' : ’ E Gej,> '■ 

Kqq^ ’ and ^ib^Ho^ tlsy can be; ; 

calculated; "Kith the : aid of -.tables _1 apd -2 fop. thg special case of 
a, span, having .updfo;rer E? . .and constant, .ari.al .compression, The 
shears and moments given by equations (10) to ( 13 ) represent: addi- 
tional loc kin g forces and moments required at the neighboring Joints 
to keep them in a locked condition and must be considered in com- 
puting the balancing forces and moments for the neichbo^los Joints. 


7 
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The "balancing procedure Just described, including the evaluation 
of the additional locking forces and moments at the neighboring 
joints, is successively repeated at all the joints except those which 
are locked in the actual structure. If the structure is stable under 
the given axial loading, a stage will be reached at which any addi- 
tional locking forces and moments will, be -small enough to be 
neglected for the' degree of accuracy desired. At this point the 
balancings may stop, and the final deflection and rotation of any 
support may be obtained by summing the de flections and rotations 
produced by all the individual balancings of that support or joint. 

The essential operations will now be restated briefly as 
follows: 

■(l) The calculation of the deflection & and rotation 9 hy use 
of equations (l) or (8) and equations (2) or (9) when a 
given joint is balanced 

(2) The calculation of the shears and moments induced at the 
neighboring joints by use of equations (10) to ( 13 ). 

The execution of stop (l) requires that the balancing force F 
and the balancing moment M first be calculated. In calculating F 
and M for a joint that has not previously been balanced, considera- 
tion must be given to the fixed-end shears and moments at the joint 
as 'well as to the shears and moments that were induced by the 
balancing of neighboring joints. In calculating F and M for a 
joint that has previously. been balanced, only those shears and 
moments that were induced at the joint since its last balancing 
need bo considered. 

The derivation of equations (l) to ( 13 ) is given in appendix A. 
The equations used to evaluate. the various coefficients .for tables 1 
and 2 are also given in appendix A. 


DSTERMU'iATION OF SHEARS AND MOMENTS AT TEE SUPPORTS 


After the deflections and rotations of ,tlie . supports have been 
determined, the state of the beam -column is uniquely, defined, and 
the shears and moments at the joints can be obtained from simple 
slope-deflection equations. Each equation. expresses the final. . 
shear or moment at the end of any span as the sum -of. the following 
five-parts:" 
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(1) The fixed-end shear Sp or fixed-end moment My 

(2) Shear or moment produced "by the deflection -without rotation. 

of the left end of the span 

(3) Shear or moment produced by tlie rotation -without deflection of 

the left end of the span 

(4) Shear or moment produced "by the deflection -without rotation of 

the right end of the span 

(5) Shear 01 * moment produced by the rotation -without deflection of 

the right end of the span 

For a typical span jk, the final shear Sj^- and final moment Mjfc 
at tho left end j can. be written as 


S ik = (^)jk °F5 h 5 J + +• C C 8^k +'■ c CS L e k (1*0 


M Jk. = (%) + %0H 0 J t Kc&L 5 k + (15) 


The Bkear Sj-j and the moment at the right end k of the 

topical span Jk are given by the equations 

" t C C% e j + Cc0r 0 J + CFG^k + °FeiP-k ( l6 ) 

IJ kj = 0%)^ + k co r ^ + ^cej^j + %& L B k + %e L 0 k ( 1 T) 


The coefficients of the S’s and 0 T s in equations (14) to ( 17 ) are 
readily calculable with the aid of tables 1 and 2 . 

An over-all check on the 5 * s and 0 1 s and the span-end shears 
and moments can be node by applying the equations of static equi- 
librium to tlie joints as free bodies. If eome of the Joints are 
found to be not in equilibrium, a mistake in either the relaxation 
procedure or m the use of the slope-deflection equations (14) 
to (17) is indicated. The correct use of the slope -deflect ion 
equations can be checked by an investigation of the static equi- 
librium of the spans as free bodies. 


9 
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DEFLECTIONS AND LEKDOTG MOMENTS EET.fEEN SUPPORTS 


In order to obtain the bending moments at points between 
supports, the deflection curve of the beam-column must first be 
determined. The deflection curve for any span, say jk, can be 
obtained by superimposing the five following individual deflection 
curves: 

(1) Deflection curve produced by lateral loading when both ends of 

the span are clamped ■ 

(2) Deflection curve produced by total deflection o j of left end 

•when left end is restrained against rotation and right end 
is c3.amped 

(3) Dof lection curve produced by total rotation 0 j of loft end 

■when left. and is restrained, against deflection and right end 
is clamped 

(4) Deflection curve produced by total deflection 0 k of right ond 

when right end is restrained against rotation and left end 
is clamped 

(5) Deflection curve produced by "total rotation G k of right end 

■when right end is restrained against deflection and left end 
is clamped 

These five deflection curves can be obtained by use of figuros 7 
to 10 for spans having uniform ■ El and constant axial compression. 
The figures provided for the calculation of deflection curvo (l) 
for both ends clamped consider only two types of lateral loading: 
a uniform load along the entire span (fig. 7) and a einglo con- 
centrated load at the successive tenth points (figs. 8(a) to 6(e)). 
Most lateral loadings can be' approximated by suitable, combinations 
of these concentrated loads . The equations of the deflection 
.curves, if desired, are given in appendix 3. 

After the deflection curve for a span has boon obtained, tho 
bending moment at any point on tho span can bo calculated. For a 
span in which the axial compression is constant, tho bonding moment 
at a point a distance x from tho left end of tho span is given 
by tho expression 


PA + - S Jk x + Ml.L. 


(13) 


10 
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V 


■where 

? axial compression (parallel to undeflected axis of 

team- column) 

A deflection of point with respect to left and, of span 

(positive do-.nwEjrd) 


Mr p total moment about point under consideration of any 

lateral loads between point end loft end of span 
(moment tending to cause compression on tap fiber is 
considered positive) ' 

and Mj-jj. is obtained from equation ( 15 ) and Sjj- is obtained frcm 
equation (It-) . 


Tho sign of the bending moment, as determined from expres- 
sion (lG), is consistent with the convent; icn that bending moment 
tending to cause compression on the. top fiber is positive. 


. SH3AR 3XDUSM1 


The shear diagram for any span can be drawn in the conven- 
tional manner, the shear at any point being simply the algebraic 
sum of the left-end shear and all the vertical loada between too 
left end and the point under consideration. Xt should be noticed, 
however, that because of the presence of axial load .the usual 

dM 

relationship between the shear and moment, namely S..= .with no 

dx 

distinction made b6t T, een the vertical 1 , shear and the shear normal 
to the elastic curve, needs to b9 modified. This relationship is 
still correct if S represents the shear, normal to the elastic 
curve of the beam-column. The quantity S, as used in. the present 
paper , hoirever. represents the vertical shear, and the appropriate 
eq.ua.tion for it is ‘ -- - -- -- 


® . p o? 
dx dx; 


( 13 ) 


where S is positive if it acts upward on the ri.^ht-hand part of 
dl 4 

the span, — - is the slopo of tho bending-moment curve at the noint, 
dx 


11 
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and — is the slope of the deflection curve at the point. Eq.ua- 
dx 

tion (19) can he used to check the mutual consistency of the deflec- 
tion curve and the h ending-moment diagram. 


HLUSTKAIIVE EXAMPLE 


Figure 11 shows a continuous beam-column free at the left 
end A and built in at the right end D with two intermediate 
supports B and C. The support at B is an unyielding hinge , 
and the support at C is a deflectional spring having a stiffness 
of 686.7 pounds per inch of deflection. Neither support Includes 
a rotational spring. The cross-seotional moment of inertia I 
of the beam-column is 0.2 inch and the modulus of elasticity E 
is 29,000,000 psi. Span AB has no axial load. Spans BC and CD 
are axially loaded with a compressive force of 8156,25 pounds, which 
was chosen to give these two spans a value of L/j equal to 3. The 
lateral loading and dimensions are shown in figure 11. 

In applying the method of force and moment distribution, the 
cantilever span AB could be thought of as an - ordinary span supported 
at the left end by springs with zero stiffness. Labor will be Baved 
however by regarding span A3 as simply a loading device to provide 
a constant lateral force and moment Just to the left of support B. 

Deflections and rotatio ns of the supports.- The tabular scheme 
for recording the force and moment distribution computations is 
shown in table 3. Each support is represented in the tabulation by 
a vertical line. Above each vertical line are written the necessary 
balancing equations for the deflection . 5 and. rotation 0 of the 
Joint and the equations for shears and moments induced at th3 
adjacent. Joints: equation (l) or (8) for o, equation (2) or (9) 

for Q, and • equations (10) to (13) for the induced shears and 
moments. Across the first horizontal line of the tabulation are 
written the fixed-end shears and fixed-end moments. One fixed-end 
moment is written on each Bide of the vertical line representing 
the Joint. The fixed-end shears are written alongside the fixed- 
end. moments but farther from the vertical line. The rest of the 
table is used to record the computations involved in the Joint 
balancings. Each balancing of a Joint requires the calculation 
of the following throe sots of quantities which are recorded on 
separate horizontal lines of the table: 


12 
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(1) The ■■balancing force F and balancing moment M at joint 

(2) The deflection 5 and. rotation 6 of joint 

(3) The shears and moments induced at neighboring joints 

The induced shears are recorded in the same vertical lines as the 
fixed-end shears; similarly, the induced moments are recorded in 
the same columns as the fixed-end moments. After the calculated 
values of -5 and 6 have been recorded (item ( 2 )), a short horizontal 
line is dra-wn under them. Item ( 3 ) is emitted in the final balancing 
then the induced shears and moments are assumed to be negligible. 

In table 3* for purposes of illustration; a copiplete set of 
balancing, induced-shear, and indue ed-mcment equations is -written 
above joint C even though three of them • and Mqq 

- are not required in this particular problem. The equation for 5 
is emitted above Joint B since the support at E is unyielding. 

. . ■Since span A8 is considered to be merely a loading device, the 
quantities S and do not exist for Joint B and therefore 

their equations are omitted. The arithmetic involved in setting 
up the equations is "given in. detail in appendix C. 

The fixed-end moments shorn in table 3 were taken from figure 12 
of reference 1 in which a mcment-distribution analysis -was made of 
the same beam-column but on unyielding supports. The fixed-end 
shears were calculated by applying the equations of statics to the 
Bpuns . . 

Joint C is balancod first. The locking force (the algebraic 
sum of the fixed-end shears) is - 173-06 - 119 - 0 ^ or - 292 . 10 - pounds. 
The balancing force F is recorded as the negative of the looking 
force, or '292.10 pounds'. Similarly, the locking moment is the 
algebraic sum of tho fixed- end moment:-, or, £ 229.2 inch -pounds, and 
the balancing moment K is the negative of the locking moment, 
or -2229.2 inch-pcuncB . From the formulas .'for o and 6 given 
for joint G in tablo 3 , the movement of the joint for the first 
. balancing is calculated and recorded es 6 = 0 . 4lOo47 inch and 

6 = - 5.858^5 X 10 radian. Frcml the. formula for. above 

joint C the "memont induced -at joint ■ B is ccleiiated as 
-2899.15 inch -pounds. Because the formula for the rotation of 
joint B involves only the balancing moment -tl, the' shear Scl 
induced at joint B is not calculated; and since joint D will 
nover be permitted to deflect or rotate, neither tho shear Sq^ nor 

the memont, induced at joint I) is calculated. 
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Joint B is balanced next. The locking moment (the algebraic 
. sura of the fixed-end moments and the moment induced during the 
balancing of joint . C) is 5000 - 6989.8 - 2899,1.5 or -1838,95 inch- 
pounds. The balancing moment M is therefore 4888,95* From the 
formula for 9 given above joint B in table 3, the rotation of 
the joint is calculated as 0 ~ 25.6968 x 10-3 radian. From the 
formulas for Sg^ and Mqr given for joint B the shear and 
moment induced at joint C during the balancing of joint B are 
calculated as -U7.269 pounds and 4492.57 inch-pounds, respectively, 
and are recorded in their appropriate places near the vertical line 
representing joint C. 

At this point one cycle of the procedure of force and moment 
distribution has been completed. Another cycle is begun by balancing 
joint C again, The locking force at joint C (the algebraic sum 
of the shears induced there since the last balancing of the joint) 
is -H7.269 pounds. Similarly, the locking moment is 4492.57 inch- 
pounds, The balancing force' F and the balancing moment M are 
then equal to 117.269 pounds and -4492.57 inch-pounds, respectively. 
By use of the formulas for & and 9 above joint C. the addi- 
tional movement .caused by this second balancing of the joint is 
calculated as 6 ^ 0.164942 inch and 9 = 11,8067 x 10-3 radian. 

The moment induced at joint B is calculated as -28X6.89 inch- 
pounds. 

The successive balancings of joints C and B are continued 
until the shears and moments induced by the balancings are small 
enough to be neglected. At this point the process stops, and the 
final deflections and rotations are obtained by summing tho deflec- 
tions and rotations produced by th'e individual balancings. Four 
cycles of balancing are shown in table 3» The results obtained 
after 10 and 20 cycles are also given and compared with the exact 
results.. The error after 10 cycles is seen to be only about 
0.6 percent. 

For this particular problem it was possible to calculator tho 
exact results by means of the formula for the sum of an infinite 
geometric series, since a point was reached early in the propose 
'•boro the value 5 or 9 corresponding to any balancing was simply 
a constant factor (2816. 39/4888,95). times the’ value of’" 5 ctr 9 
for the .preceding .balancing, (in a more general problem,, this 
fortuitous 'circumstance would not arise.) The calculation of tho 
exact results is given at the end' of appendix C. 1 

The illustrative example just explained was adapted from a 
problem solvod in reference 1. In reference 1 a moment -distribution 
analysis was made of tho same structure, with support C assumed to 
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■be 0.8 inch "below supports B and D. In order to make a problem 
that ’was suitable to the method of the present paper, the support 
at C was replaced by a deflectional spring. Furthermore, In 
order to provide a check on the calculations, the spring stiffness 

was so chosen as to give 0.8-inch deflection at joint C and was 

obtained by dividing the reaction at C, as calculated frcm the 
data given in the solution of reference 1, page 27, by the desired 
deflection of 0.8 inch. As shown in table 3 , the exact value 
obtained for the deflection at C is 0.8 inch, which was the 
answer to be expected if the computations were correct. 

Shears and moments at span ends . - The preceding computations 
have yielded the" deflections and rotations necessary for calculating 
the shears and moments at the ends of spans BC and CD from 
equations (l^) to (17). These shears and moments are found to be: 

SgQ = -213.82 pounds 

Mgg = -5000.0 inch-pounds 

Sgg - -286.18 pounds 

Mgg = 5369.I inch -pounds ' r '' ' 

Sqd “ -2o3.20 pounds 
Mqjj = -5369.1 inch-poundB 
Sqc = -136.80 pounds 
Mqq = 1505.2 inch -pounds 

The final shear and moment at the right end of the cantilever AB 
are, frcm static considerations, 

='-100 pounds 
= 5000 inch-pounds 

Berding-momont diagram for span 3C._- The span BC is chosGn 
for purposes of illustration. The deflection curve for tho span 
is first obtained in the manner explained in the section of the 
present paper entitled "Deflections and Bonding Moments between 
Supports." The computations for this deflection curve are given 
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in table b and the deflection curve obtained is shown in figure 12 . 
The bending-moment diagram for the span is then obtained by use of 
expression ( 18 ). The computations involved are summarized in 
table 5 . The bending-moment diagram is shown in figure 13 . 


DISCUSSION 
Scope of Method 


The method of force and. moment distribution is quite general 
in its applicability. In order to apply it to cases other than 
those considered in the present paper - such as axial tension, 
nonuniform II, or nonuniform axial load -within a span - it is 
only necessary to prepare tables and figures for these cases. The 
special case in which there is a sudden change in El or axial 
load within a span can be handled by assuming the beam-column to 
be supported by springy of zero stiffness at the point of discon- 
tinuity. The span can then be regarded as two span3 ; each of which 
has uniform El and constant axial load. 

Thus far, application of the method has been restricted to 
beam-columns, the supports of which are such that the restraining 
force and restraining moment of a support are directly proportional 
to the deflection and rotation, respectively; that is. 

Be straining force = CS 
Restraining moment = KB 

It can be shown, however, that the method is also applicable to a 
more general, mathematically possible case in which the restraining 
force and moment are linear functions of both the deflection and 
rotation; that is 

Restraining force * Cpd 4 - Cg9 

Restraining moment = + KgB 

In order for the method to be applicable to this 
necessary to revise equations (3) to ( 7 ) to read 

Kq - K 2 + %0 L + 
c 6 = c 2 + c E0£ (22) 


( 20 ) 


case, it is only 


( 21 ) 
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C§ - ^1 + 

(23) 

K 5 =-- Kp -s- + Kyss 

m 

D = - KgC@ 

( 25 ) 


TI 10 s import consisting of two independent elastic spring is a 
special case of the more general type of support and occurs 
risen Cg and Ej_ sro both, equal te zero. 


The method of force and moment distribution is inapplicable 
if the stresses are above the proportional limit. In making a 
force and moment distribution analysis, the stresses are assumed 
to be below the proportional limit. The results obtained are 
correct only if the final stresses bear out this assumption. 


Procedure of Force and Moment Distribution 

There is no definite order in which the joints of the beam- 
column must be balanced. In order to facilitate checking, however, 
and to minimi. ze the possibilities for error, a definite order of 
balancing should be maintained. Not all the Joints need be balanced 
the sane number of times; small induced effects may be allowed 
to accumulate at a Joint until the locking force and locking moment 
there are appreciable. 

The problem, of slow convergence or nonconvergence will sctne- 
times arise. Nonconvergence is an indication that the structure 
is unstable under the axial loading. Slow convergence, accompanied 
by large induced shears and moments, is an indication that the 
structure is close to instability. Whan the convergence is slow, 
an alternate method of solution, based upon the slope -deflection 
equations (14) to ( 17 ) may be adopted. The internal shears and 
moments as given by equations (14) to ( 17 ) are combined with the 
external forces and moments and spring forces and moments at the 
Joints in writing trsro equations of static equilibrium for each 
Joint. The system of static-equilibrium equations is then Bolved 
simultaneously for the deflections and rotations at the Joints. 


Principle of Superposition 

The modified principle of superposition is of basic importance 
to the method of force and moment distribution, and in the explana- 
tion presented it was assumed to hold for a continuous beam-column 
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supported by elastic deflectional and rotational springs. The fact 
that this principle does apply can be proved, in a manner similar 
to that used in reference 3 for a single- span beam-column with 
hinged ends. 

The modified principle of superposition allows the original 
lateral loading to be resolved into any number of component loadings, 
each of which is applied separately in conjunction with the axial 
loads. The final deflections, rotations, shears, and. bonding 
moments in the beam-column may then bo obtained by adding 
algebraically the effects of all the component loadings. 

This principle is employed throughout the procedure of force 
and moment distribution. Tho locking of the joints at the start 
of the process is equivalent to applying to the boom-column a 
component loading which consists of the original lateral loadB plus 
the locking forces and moments at the joints. Tho fixed-end shears 
and moments are calculated. This component loading iB then removed, 
and the balancing force and moment applied at any joint together 
with tho required locking forces and moments at the neighboring 
joints represent tho second component loading. The effects of the 
second component loading - the deflection and rotation of the joint 
being balanced - are calculated, "When this second componont loading 
is added algebraically to the first, tho original loading condition 
at tho balanced joint is restored since the locking force and mernont 
are canceled. Similarly, each balancing roprosents tho restoration 
of the original lateral-loading conditions at a joint and tho 
application of the required locking forces and moments at tho 
neighboring joints. If the process is stoppod when the locking 
forces and moments are negligibly small and all component lateral 
loadings are added algebraically, the resultant lateral loading 
will consist of the original lateral loads plus negligibly small 
locking forces and moments at some of the joints. By tho principlo 
of superposition, then, algebraic addition of tho deflections and 
rotations produced by the individual balancings (each of which 
roprosents the application of a component loading) will yield the 
dofloctions and rotations produced by the original lateral loads 
plus tho negligible locking forces and moments. 

Tho principle of superposition is also important for stress 
analysis. It justifies the determination of tho final dofloction 
curve of any span by means of tho algebraic addition of five 
individual deflection curves, as is done in tho section entitled 


18 



ITACA TU ITo . 1150 


'’Deflections and Bending Moments "between Supports." It was also 
employed in writing the slope-deflection equations (14) to (17) . 


Langley Memorial Aeronautical Laboratory 

national Advisory Committee for Aeronautics 
Langley Field, Vs. June 25, 1946 


19 



MCA TN No. 1.150 


APPENDIX A 

DERIVATION OF TEE BALANCING, HOUCED- SHEAR, 
AND INDUCED -MOMENT EQUATIONS 


Equations will be derived only for spans of uniform El and 
constant axial compression. 


Derivation of the equations for induced shear and moment .- In 
figure 4 a balancing force F and a balancing moment M are shown 
producing a deflection 5 and a rotation 0 at the center support 
of a two-span continuous boam- column clamped at the ends. The 
left-hand span and right-hand span of the beam.- column are shown 
in figures 5 and 6, respectively. 


By use of the ordinary beam-flexure differential equation, the 
equilibrium of internal and external moments about any section in 
the left-hand span (fig. 5) may be expressed mathematically as 


El 


dfy 

dx 2 


•Mop - Py + Sc L x 


(Al) 


The boundary conditions at x = 0 are y 

dy 

at x « L are y - 5 and — = 0. 

dx 


0 


and 



and 


By solving the differential equation and satisfying the 
boundary conditions and the equations of statics for the span as 
a whole, the following expressions are obtained for the end shears 
and moments in the left-hand span: 


SFL = + °FSl & 

(as) 

% L = %o L e + KfsjS 

(A3) 

S C L " C C0L 0 + C C5l 5 

(A4) 

= 35 C0I® + KcOiS 

(A5) 
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■where 


and 
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For the right-hand span (fig. 6) the differential equation of 
equilibrium may he •written as 


El -% E - P (y - b) + 

dx^ 


(A7) 


and the boundary conditions to he satisfied at x = 0 are y = B 

dy dy 

and — = 0 and at x = L are y = 0 and — = 0. 

dx dx 

By solving the differential equation and satisfying the 
boundary conditions and the equations of statics for the span &b a 
whole, the following expressions for the end shears and moments in 
the right-hand span are obtained: 




(A8) 


= %0 R e + %& R J 


(A 9) 


s % " Cc0 E 9 + ° C& R 5 


(A10) 


“0r “ *0%,® + W 


(All) 
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Equations (Ah) , (A5), (AlO), and (All) are identical to equa- 
tions (10), (12), (11), and (13), respectively, The terms in equa- 
tions (A 6) and (A12) are defined physically in the symbols. 

Derivation of balancing equati ons.- The static equilibrium of 
the center Joint of the beam-column in figure 4 requires that 


F - CS + + Spp (A13) 

and 

M = KB ,+ J^ + (Al4) 

Substitution of from equation (A2), from equation (A8) , 

Mj?k frcrn equation (A3), and from equation (A9) in equa- 

tions (A13) and (Al4) restilts 'in 

F = CqO C 5 8 (A15) 

M -K 0 e + K , 8 (Alb) 

■where 

°Q “ %% + - ( T® r 
% = C + Pf&l + Cfoj* 

Kq = K + K F0l + 

K S * + ^F&p C 0 

Equations (A15) and (Al6) ' can be solved for 8 and 0 wi'bh 

(AIT) 
(A18) 


the result that 


C s Ka 

8 r - -2 M + — F 

. D D 


Cr, Es 

e * — m f 

D D . 
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*lr 


■where 


D = T%C & - Cq 


2 


For the special case in "v&ich the spring constant K Is 
infinite, 0 = 0, and. from equation (A15), 

S = — (A19) 

c 8 

If C is infinite, 8 = 0, and, freer, equation (Al6), 

0 = — (A20) 

% 

Equations (A17 ) , (Al8) , (A19), and (A20) are identical to 
equations (l), (2), (8), and ( 9 ), respectively. 
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APEENDIX B 
DE8TECTI0N EQUATIONS 


Graphs for calculating - the five types of deflection discussed 
in the section entitled ''Deflections and Bending Moments between 
Supports" are presented in figures 7 to 10 for a span having 
uniform El and constant axial compression and the corresponding 
deflection equations will now "be given. In these equations x 
represents the distance of a point on the elastic curve from the 
left end of the span and y represents the downward deflection of 
the point. Detailed derivations are emitted. The equations are 
obtained by the solution of the ordinary beam-flexure differential 


equation M = -El 
conditions. 


d 2 y 
d x 2 


and the satisfaction of simple boundary 


Deflections due to lateral loading .- The following two typeB 
of loading will be considered: 

(l) Uniform load: The deflections y produced by a 

total uniformly distributed load ¥ (fig. 7 ) are defined by 
the equation 



(2) Concentrated load: The defloctions y produced by 
a lateral load Q, acting a distance c from the right end 
(figs, S(a) to 8 (e)) are given by the equations 
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for 3: ^ L - c -where 
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ro Iieflec tions duo t o diapl aceiab m. at left end.- The deflection y hue to & displacement 

at the left end St (fig. 9) are defined hy the equation 

V71 
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AefloctionB to to diBtlacemeat a t right # ■• Tie ileflectioBB y due to a displacement at the 
the rl^t end"'\ (fig. 9)are defied hy the e auction 
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APPENDIX C 

HREUICENARY COMPDTATIOES EOS ILIUBTRAIIVE EXAMPLE 


Computation s a t joint B. - Setting up the balancing equation (9) 
for joint B requires the preliminary evaluation of E@ from equa- 
tion (3), vhich in turn requires the calculation of Sotting 

up equations (11) and (13) for induced effects necessitates the 
evaluation of only and since 0 at joint B equals 


zero. These quantities can be obtained by entering table 2 -with 
the value of ' — for span BC, namely -- =» 3, ' and substituting 

j 3 


numerical values of - 


Ed El 


L2 


and 


El 


These numerical values are 


El 
L ~ 


29,000,000 X 0.2 

80 


72,500 


1 


El 



906.25 


> 


(Cl) 



11.323 


In this manner the following data are obtained: 

• -gT 

= 2.62420 .— = 190,255 (C2) 

j-v Xj 

TTT 

CQg = - 5.03565 — = - 4563.56 (C3) 

Xi L 2 

ET 

Kqq » 2.41145 — = 174,830 (C4) 

B Xj 
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From equation (3) 


^=0 + 0 + 190,255 * 190,255 ( 05 ) 


The ‘balancing equation (9) can now be written 


e m — ~ — = 5.2561 X 1 CT 6 M (C 6 ) 

190,255 


Equation (ll) for induced shear and equation ( 13 ) for induced moment 
can be written as 


Sn = -4563.566 + 0 = -4563.560 


(CT) 



174,8300 + 0 = 174,8300 


(08) 


Computations at joint G . - The computations at Joint C are 
similar to, but more extensive than, those at Joint B because 
Joint C can deflect as well as rotate and has two spans effective 
in resisting its motion instead of one. 
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The following data aro obtained for joint C "by entering 

L 

table 1 -with the value of — * 3 for span CB: 

3 


FT 

% 0T -= 2.62420 — = 190,255 

•Li L 


JC f8l = -5.03565 -~ 2 = -4563.56 


t^T 

Op0 T = -5.03565^- -4563.56 

L TJ2 


Cjpo * 1.07131 ~ - 12.1353 
1 T .3 


Kce L - 2.41145 ~ - 174,830 


(09) 


:^ 5 - -5.03565 « -4563.56 

L 2 


El 


c ce » 5.03565 — = 4563.56 

l/- 


C c5l - -1.07131 -12.1358 


P 
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The folio-wing information is obtained frcta table 2 by entering 

it -with — = 3 for span CT: 

<3 


TTT 

e F0e = 2.62120 — = 150/255 


"FT 

%5p = 5.03565 — = 1563.56 


c w9r = 5.03565 — = 1563.56 


"FT 

Off* = 1.07131 — =r 12.1355 
- ^ l 3 


%% = 2.11115 ^ = 171,830 


ET 

S^Bd = 5.03565 — = 1563.56 

Tj 


GcSk - - 5.03565 “ = -1563.56 


ET 

c c p^ = -1.07131 = -12.1358 


(CIO) 
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Expressions (3), (4), (5),. and (7) can now be evaluated as 

= o + 190,255 + 190,255 = 380,510 (on) 

C 0 - -4.563.56 + >563.56 = 0 ( C12 ^ 

C 5 = 686.7 + 12.1358 + 12.1358 = 710.972 (°13) 

D =-. 380,510 X 710.972 - 0 = 270,532,000 (Cl^) 

The balancing equations (l) and (2) can now be set up as 
follows: 

5 = 0 + 3 80,510— F ^ 0.001^0653 F ( cl 5 ) 

210,532,000 ■ . . 

0 - 710.972 — M _ o = 2.62805 X 10-6 M (016) 

270,532,000 

Equations (10) to (13) for induced effects at neighboring Joints 
can be written 

Sq l = 4563.565 - 12.13585 (C17) 

Sqg - -4563.565 - 12.13585 (018) 

Mo l = 174,8305 - 4563.56s (019) 


Mq^ = 174,8305 + 4563.56S 


(C20) 
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Calculation of exact results sho-wn in table 3 »- E’i’cm table 3 
it is clear that all the 5 *s and 0 f s that vere calculated after 
the second balancing of Joint C are. simply 2816.89/4888,95 times 
the corresponding preceding entries. The formula for the sum of an 

g 

infinite geometric series being S = , -where S is the sum, 

1 - r 

a the first tem of the series, and r the ratio of any term to 
the preceding term, the total rotation of Joint B can be calculated 
as 


25.6968 X 10 ~ 3 
2816.89 
" 4888.95 


60.6307 x 10 -3 


Similarly, the deflection of Joint C is 


(C21) 


0 164-942 

= 0.410847 + = 0.800022 inch 

c , 2816.89 


4888.95 


and the rotation of Joint C is 


(C22) 


e c m -5.85845 x io-3 


11.8067 x io~ 3 
1 2816,89 

" 4888.95 


= -33.7160 x 10 ' 3 


(C23) 
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. COEITI0ISHI8 KIR OTil'fllRSS JUtD IKDU2D S1SCTS ICE OOEtHH WHS 191 BID CLAHRXD - Cootiauel 



StlffnflBB coeffloionta 
at free erA 





8.0961* 
8.05277 
8.0088U 
7.961*68 
7. 92026 

7.87560 

7.83070 

7.78551* 

7,71*011* 

7.691*50 


Coefficient* fear induced fihear 
and Mcosnt at aLaapod end 

*^(s) 


^(i)' 

0c6 i .(5) 








-5.8OH9 

-5.79630 

-3.79539 

-5-7921*5 

-5.78950 

-5.78652 

-5.78352 

*5.78049 

-3.777*5 

-3.77*38 


- 5.66822 

-3.66443 

-3.66062 

-5.63879 

-5.65293 




5.66822 

3.66443 

3.66062 

5.65679 

5.65293 

5.64903 

3.64515 

3.64122 

5.63727 

3.63330 





-8.87960 

-8.84059 

-8.80133 

-8.76I83 

-8.72208 

-8.68209 

-8.64183 


-8.51967 

-8.47845 

J.436|g 

-fl‘.35333 

-8.31113 

-8.26868 

-8.22399 

-8.18305 

-8.13987 


-8.09644 
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Stiffness coeffidenta 
at free end 

Coeffidenta far lndacad akeer 
nassiit at clanped. 

^(b) 

'*%© 

car 

c * b l© 

qwt © 





° 06L © 


2.46740 

2.45772 

2.446ca 

2.43*39 

2.42265 


2.35073 

2.33850 

2.32620 

2.31383 

2.30139 

2.26887 

2.27629 

2.26362 

2.25089 

2.23018 


2.09209 

2.07834 

2.06430 

2-05059 

2.03659 

2.02251 

2.00834 

1.99409 

1.ST975 

1.96532 

1.95081 

1.93620 

1.92151 


1.83143 

1.81609 

1.80066 

1.78513 

1.76950 

1.75377 

1.73794 

1.72202 

1.70599 

1.6BS66 

1.67363 

1.65729 


-4.93480 

-4.92867 

-4.92125 

-4.91381 

-4.50638 


-4.87626 

-4.86866 

-4.86101 

-4.85334 

-4.84364 

-4.83790 

-4.83013 

-4.82233 

-4.EQ.449 

-4.80662 

-4.79873 

-4.79079 

-4.78262 

-4.77482 

-4.76678 

-4.73871 



-4.59684 

-4.59007 

-4.38127 

-4.57243 

-4.56355 

-4,55464 

-4.54569 

-4.53670 


0 

-.0652638 

-i.43132 

-.221263 


-2.00715 

-2.09139 

-2.17590 

-2.26D68 

-2.34573 

-2.43103 

.2.51663 

-2.60249 

-2.68861 

-2.77501 

-2.86167 

-2.94861 

-3.03581 






2.55763 

2.56258 

2.56759 

2. 57263 

a. 57772 



2.63671 

2.64236 

2.64806 

2.65381 

2.65961 

2.66546 

2.67137 

2.67733 

2.68335 

2.68942 


2.72702 

2.73349 

2.74002 

2.74661 

2.75326 



-4.93480 

-4.9286f 

-4.92123 

-4.91381 

-4.90638 


-4.87626 

-4.66866 

-4.86101 

-4.85334 


-4.83790 

-4.83013 

-4.82233 

-4.81449 

-4.80662 

-4.79873 

-4.79079 

-4.78262 

-4.77482 

-4.76878 


-4.75061 

-4.74247 

-4.73430 

-4.72610 

-4.71786 

-4.70958 

-4.70127 

-4.69293 

-4.684M 

-4.67614 

-4.66770 

-4.65921 

-4.65070 

-4.64214 

-4.63355 

-4.62493 

-4.61627 

-4159007 

-4.58127 

-4.57243 

-4.56355 

-4.55464 

-4.54569 

-4.53670 

-4.50952 

-4.50038 

-4.49120 

-4.4819? 

-4.47274 

-4.46345 

-4.45413 

-4,44764 
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NACA TN No. 1150 


TABU 1 - CCSB7ICIEHTS PC® STCBTHESS AJTD U1XXJED EFFECTS FOR COLTMT WBL 1XFI EKD pLflCPED - Continued 



Stlfftaeaa coefficient* 
at jfree end 

Coefficient! for induced abear 
and wnt at c leaped end 

L 

**®l(*i) 

or 

v(s) 


^(e) 

vCl) 

0 (#\ 


3.7V 

IM 

3:3 

1.64083 

1.62431 

1.60763 

1.59089 

1.37402 

-4.43336 

.4.42592 

-4.41644 

-4.40692 

-4.39736 

-5.11688 
-5.21066 ' 

-5.30472' 

-5-^9368 

2.79451 

2.80161 

2.80879 

2.81603 

2.82334 

-4.43536 

-4.40692 

-4.39736 

4.43536 

4.42592 

4.41644 

4.40692 

4.39736 

3.11688 

5.21066 

3.30472 

5.39906 

3.49368 

XM 

3.®L 

3.82 

3.83 

1.39703 
1.539 96 
1.32275 
1.90344 
1.48802 

-4.38776 

-4.37813 

-4.36843 

-4.35&73 

.4.34898 

-5. 58857 
-3.68374 

-5.77920 

-5.87493 

-5.97095 

2.83072 

2.83817 

2.34570 

2.85329 

2.86097 

-4! ^3 
.4.34898 

4.38776 

4.37813 

4.36845 

4.33873 

4.34896 

5.58857 

3.68374 

5-77920 

3.87493 

3.97093 

3.84 

3S 

3:8 

•1.47047 

1.45281 

1.43303 

1.41713 

1.39912 

-4.33918 

-4.32934 

-4.31947 

-4.30953 

-4.29959 

-6.06724 

-6.16381 

-6.26067 

-6.33780 

-6.45522 

2.86871 

2.87654 

2.88444 

2.89242 

2-90047 

-4.3391? 

-4.30955 

-4.29959 

4. 33918 
4.32934 
4.31947 
4.30953 
4.29959 

6.06724 

6.1638I 

6.26067 

6.35780 

6.45522 

3.89 

3.90 

3.91 

3.92 

3.93 

1.38098 

1.36272 

1.34434 

1.32583 

1.30720 

-4.28959 

-4.27955 

-4.26947 

-4.25935 

-4.24919 

± lg| 

-6.I4770 

-6.94633 

2.90861 
2.91683 
2.92513 
2.93352 ‘ 
2-94199 

-4.28959 

-4.27955 

-4.26947 

-4.25935 

-4.24919 

4.26959 

4.27955 

4.26947 

4.25935 

4.24919 

6.53232 

6!t4^§ 

6.84770 

6.94633 

3.94 

3.95 

3.96 
3-97 
3.98 

1.28844 

1.26955 

1.25052 

1.23137 

1.21209 

-4.23898 

-4.22873 

-4.21844 

.4.20811 

-4.19774 

-7.04364 

-7.14504 

:?:3§S 

-7.44493 

2.95054 

2.95919 

2.90T92 

2.97674 

2.98563 

-4.23898 

-4.22873 

-4.21844 

-4.20811 

-4.19774 

4.23898 

i:SSB 

4.20811 

4.19774 

7.04364 

7.14504 

7.24472 

7.34468 

7-44493 

3.99 

4.00 

4.01 

4.02 

4.03 

1.19267 

1-17311 

1.13342 

1.13359 

1.11362 

-4.18732 

-4.17686 

-4.16636 

-4.15581 

-4.14322 

-7.54546 

-7.64628 

tm 

-7.95046 

2- 99465 
3.00374 

3- 01293 
3.02222 
3.03160 

-4.18732 

-4.17686 

-4.16636 

:!:Xg 

4.18732 

4.17686 

4.16636 

4.15581 

4.14522 

7-54546 

7.64628 

7.74739 

7.84878 

7.95046 

4.04 

4.03 

4.06 

4.07 

4.08 

1.09351 

1.07325 

1.03285 

1.03230 

1.01160 

-4.13439 
-4.12391 
-4.II319 ' 
-4.10243 
-4.09162 

-8.05242 

-8.15468 

-8.25722 

-8.36005 

-8.46316 

3.04 108 
3.03066 
3.06034 
3.07013 
3.08002 

-4.13459 
-4.12391 
-4.U319 
- -4.10243 
-4.09162 

4.13459 

4.12391 

4.11319 

4.10243 

4.09162 

8.03242 

8.13468 

8.25722 

§:@3 

4.09 

4.30 

4.33. 

4.12 

4.13 

.990734 

.927293 

.903830 

-4.03690 

-8.56657 

-8.67027 

-8.77425 

-8.87853 

-8.98309 

3.09001 

3.10011 

3.11032 

3.120^ 

3.13107 

-4.03690 

4.08076 

4.06987 

4.05892 

4.04794 

4.03690 

8:67027 

8.77425 

8.B7853 

8.98309 

4.14 

4.13 

4.16 

4.17 

4.18 

.884206 

.862420 

.840473 

.818360 

.796080 

-4.02582 

-4.01470 

-4.00353 

-3.99231 

-3.96105 

-9.08795 

-9.19310 

-9.29854 

-9.40427 

-9.5M30 

3.14162 

3.15228 

3.16306 

3.17393 

3.18497 

-4.0258a 

-4.01470 

-4.rogj 

4.02582 

4.01470 

4.00333 

3-99231 

3.96103 

9.08795 
9.19310 
9.29854 
9.40427 
9-51030 * 

4.19 

4.20 

4.21 

4.22 

4.23 

.773632 

.731013 

.728221 


-9.6166I 

-9.72323 

-9.83013 

3.I96U 

3.20737 

3.21876 


3.96974 
3.95839 
3.94698 
3-93553 , 
3.92404 

9.6166I 

t3*93553 

-3.92404 

:!:S ll 

9-72323 

9.83013 

ASS’ 

.7052^ 

.682109 

-10! OSS' 1 

3.24193 

4.24 

4.2? 

4.26 

.658785 

.635279 

.611589 

.387712 

.563647 

-3.91249 

-3^87757 

-3.86583 

-10.1526 

-10.2607 

-10.3691 

-10.4778 

-10.5867 

X.%% 

3:2gg 

3.30219 

-3-^^ 

3-91249 

X 87757 

3.86583 

10.1526 

10.2607 

10.3691 

IO.4778 

IO.5867 

4.29 

4.30 

4.31 

4.32 

4.33 

.539390 
.514939 
.490292 . 
.463445 
. .440399 

-3i^33 

-3.81839 

-3.8o64l 

-10.6960 

-10.8056 

-10.9154 

-U.0256 

-II.I361 

3.31466 

3.32727 

3.34004 

3.35295 

3.36601 

-3.85405 

-3.84221 

-3.83033 

-3.81839 

-3.80641 

3.85405 

3.84221 

3.83033 

3.81839 

3.8o64l 

10. 6963 
10.8056 
10.9154 
11.0236 
II.I361 
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NACA TN No. 1150 


TABI* 1 - CCE7FICIESTS TOB. STUTHESS AMD IMDCCED EFFECTS FCR a 



Stiffness coeffioienta 
at f Ae end 


L 






J 

*»L&) 

or 


=^( 5 ) 

u.ih 

0.815187 

- 3.79108 


-11.2U68 

3.37923 

U.35 

.389688 

- 3.78229 


-n.3579 

3.39261 

8.36 

.381019 

-3.77016 


-11.1:693 

3.80618 

8.37 

.338138 

-3.75797 


■-11.5809 

3-81988 

8.38 

.3120li0 

-3.71:571: 


-1 1.6929 

3.83370 

8.39 

.285728 

-3.73385 


- 11.8052 

3.88773 

8.80 

.259187 

-3.72111 


-01.9178 

3.86193 

U.lil 

.232828 

- 3.70873 


-02.0306 

3.87630 

8.82 

-20S838 

-3.69628 


-12.11:38 

3.89085 

8.83 

.178213 

-3.68379 


-12.2573 

3.50558 

h»hh 

.150756 

-3.67125 


-12.3711 

3.52089 

u .85 

.123062 

-3.65865 


-12.U852 

3.53558 

h»U6 

.0951270 

-3.68599 


-12.5996 

3.55087 

8.87 

.0669867 

-3.63329 


-12.7183 

3.56638 

U.U8 

.0385179 

-3.62053 


-12.8293 

3.58201 

8.89 

.00983696 

-3.60772 


-02.981:7 

3.59788 

b-50 

-•0190999 

-3.59UB5 


-13.0603 

3.61395 

8.51 

-.0882966 

-3.58193 


-13.1762 

3.63023 

8.52 

-.0777570 

-3.56896 


-13.2925 

3.68672 

8.53 

-.107885 ' 

-3.55593 


-13.8090 

3.66381 

U.5U 

-137885 



-13.5259 

3.68033 

k»S 

-167761 

-3.52970 


-13.6831 

3.69786 

U-56 

-196317 

-3.51651 


-13.7606 

3.71882 

8.57 

—229158 

-3.50325 


-13.8788 

3.73281 

lu£& 

—260288 

-3.1:8995 


-13.9965 

3.75023 

8.59 

-.291712 

-3.87658 


-18.1189 

3.76829 

8.60 

-.323835 

-3.86316 


-18,2337 

3.78659 

8.61 

-355861 

-3.88968 


-18.3527 

3.60518 

8.62 

-387795 

— 3.U3611i 


-18.8721 

3.82398 

U. 63 

-.820882 

-3.82255 


-18.5918 

3.88299 

ii.6u 

-.U53ko8 

-3.80890 


-18.7118 

3.86230 

k.6? 

—886697 

-3.39518 


-18.8321 

3.88188 

it. 66 

—520316 

-3.38lla 


-18.9528 

3.90173 

u .67 

-55L2 £9 

-3.36759 


-15.0737 

3.92185 

Il.68 

— 588563 

-3.35370 


-15.1950 

3.98226 

8.69 

-.623202 

-3.33975 


-15.3166 

3.96295 

U.70 

-.658191: 

-3.32571; 


-15.8385 

3.98398 

8.71 

-.693585 

-3.31167 


-15.5608 

8.00522 

8.72 

—729259 

-3.29751: 


-15.6833 

8.02680 

8.73 

-.765385 

-3.28335 


-15.8062 

8.08870 

v.* 

—801808 

-3.25910 


-15.9298 

8.07091 

8.75 

-.838656 

-3.251:79 


-16.0589 

8.09388 

8.7 6 

-.875895 

-3.28081 


-16.1768 

8.11631 

8.77 

—913532 

-3.22597 


-16.3010 

8.13950 

8.78 

—951571: 

-3.2111:7 


-16.8255 

8.16305 

fe.79 

-.990030 

-3.19691 


-16.5503 

-16.6758 

8.18698 

lt .80 

-a.02891 

-3.18228 


8.21119 

8.81 

-1.06821 

-3.16759 


- 16.8009 

8.23580 

8. 82 

-1.10795 

-3.15283 


-16.9267 

8.26079 

8.83 

-1.18818 

-3.13801 


-17.0529 

8.28615 

8.88 

-1.18678 

-3.12313 


-17.1793 

8.31191 

U.8$ 

- 1.22989 

- 3.10818 


-17.3061 

8.33806 

8.86 

-1.27186 

-3.09316 


-17.8333 

8.36862 

8.87 

-1.31352 

-3.07806 


-17.5607 

8.39159 

8.88 

-1.35606" 

-3.06293 


-17.6885 

8.81899 

8.89 

-1.39911 

-3.08771 


-17.8167 

1i.Ui682 

8.90 

-1.88266 

-3.03283 


-17.9851 

8.87509 

8.91 

-1.1:8671: 

-3.0170Q 


-16.0780 

8.50381 

8.92 

-1.53135 

-3. 00066 


-18.2031 

8.53300 

8.93 

-1.57650 

-2.98617 


-16.3326 

U.56266 


C 


43 


ILCWT WITH LETT ESD CLAMPED - Continued 


Coefficients for Induced shear 
and mount at damped end 



^(e) 



-3.79838 

3.79838 

11.2868 

-3.78229 

3.78229 

11.3579 

-3.77016 

3i770l6 

11.8693 

- 3.75797 

3.7$797 

11.5809 

-3.78578 

3.78578 

11.6929 

-3.73385 


11.8052 

-3.72111 

3.72111 

11.9178 

-3.70873 

3.70673 

12.0306 

-3.69628 

3.69628 

12.U38 

-3.68379 

3.68379 

12.2573 

-3.67125 

3.6712S 

12.3711 

-3.65865 

3.65865 

12.8852 

-3.68599 

3.68599 

12.5996 

-3.63329 

3.63329 

12.7U3 

-3.62053 

3.62053 

12.8293 

-3.60772 

3.60772 

12.9887 

-3.59885 

3.59885 

13.0603 

-3.58193 

3.58193 

13.1762 

-3.56896 

3.56896 

13.2925 

>-3.55593 

3.55593 

13.8090 

-3.58288 


13.5259 

-3.52970 

3.52970 

13.6831 

-3.51*51 

3.51651 

13.7606 

-3.50325 

3.50325 

13.8788 

-3.88995 

3.88995 

13.9965 

-3.8765B 

3.87658 

18.1189 

-3.86316 

3.86316 

18.2337 

-3.88968 

3.88968 

18.3527 

-3.83618 

3.83618 

18.8721 

-3.82255 

3.82255 

18.5918 

-3.80890 

3.80890 

18.7118 

-3.39518 

3.39516 

18.8321 

-3.38181 

3.38181' 

18.9528 

-3.36759 

3.36759 

15.0737 

-3.35370 

3.35370 

15.1950 


-3.33975 

3.33975 

15.3166 


-3.32578 

3.32578 

15.8385 


-3.31167 

3.31167 

15.5608 


-3.29758 

3.29758 

15.6833 


-3.28335 

3.28335 

15.8062 


-3.26910 

3.26910 

15.929k 


-3.25879 

3.25879 

16.0529 


- 3.28081 

3.28081 

16.1766 


-3.22597 

3.22597 

16.3010 


-3.21187 

3.21187 

16.8255 


-3.19691 

3.19691 

16.5503 


-3.18228 

3.18228 

16.6758 


-3.16759 

3.16759 

16.8009 


-3.15283 

3.15283 

16.9267 



3.13801 

17.0529 


-3.12313 

3.12313 

17.1793 


- 3.10618 

■ 3.10618 

17.3061 


-3.09316 

3.09316 

17.8333 


-J.078O8 

3.07808 

17.5607 


-3.06293 

3.06293 

17.6885 


-3.08771 

3.08771 

17.8167 


-3.03283 

3.03283 

17.9i£l 



3.01708 

18.0780 



3.00166 

18.2031 


-2.98617 

2.98617 

18.3326 
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44 NACA TN No. 1150 


TABUS 1 - CCEF1TIOIEETS BC© STUITCESS AND INDUCED HTSOTS BCE OCUMt VZCE XHT BCD CLAMPED - Continued 



Stiffness coefficients 
at free end 

Coefficient* far Induced ■hear 
accent at clamped end 

L 








1 


ac 


^(ii) 

***(§) 





<*,(£) 






4.94 

.1.62220 

-2.97061 

-18.4624 

4.39281 

-2.97061 

2.97061 

18.4624 

>1,93 

-1.66847 

-2.95498 

-18.5925 

4.62345 

-2.95498 

2.95496 

18.5923 

4.96 

-1.71531 

-2.93929 

-IS.723O 

4.65460 

-2.93929 

2.93929 

18.7230 

4-97 

.1.76273 ■ 

-2.92352 

-18.8339 

4.68627 

-2.52352 

2.92352 

18.8339 

4l3» 

-1.81079 

-2.90769 

-18.9850 

4.71847 

-2.90769 

2.90769 

18.9030 

4.99 

-1.85944 




p A9173 

2,89178 

I9-II63 

9.00 

.1.90872 

-2.87580 

-19.2484 

4,78432 

-2.87380 

2.87560 

19.2484 

5.01 

-1.95863 

-2.83975 

-19.3836 

4.81839 

-2.83973 

2.65975 

19.3806 

9.02 

-2. 00923 

-2.84362 

-19.5132 

4.852S3 

-2.84362 

2,84362 

19.3132 

5.03 

.2.0601(8 

-2.82743 

-19.6461 

4.88791 

-2.82743 

2.82743 

19.6461 

5.oii 

-2.11242 

-2.81116 

-19.7793 

4.92358 

-2.81116 

2.81116 

19-7793 

3.03 

-2.16307 

-2.79481 

-19.9129 

4.93988 

-2779481 

2.79481 

19.9129 

5.06 

-2.2l8!l3 

-2.77839 

-20.0468 

4.99682 

-2.77839 

2.77839 

20.0468 

3.07 

-2.27253 

-2.76190 

-20.1811 

5.03443 

-2.76190 

2.76190 

20.1811 

5.08 

-2.32738 

-2.74533 

-20.3157 

3.07272 

-2.74333 

2.74333 

20.3177 

5.09 

-2.38301 

-2.72869 

-20.4307 

5.LU70 

-2.72869 

2.72869 

20.43(77 

5.10 

-2.1(391(2 

-2.71197 

-20.3861 

3.15139 

-2.71197 

8.71197 

20.5861 

5.11 

-2.49663 

-2.69317 

-20.7218 

5.19182 

-2.69317 

2.69317 

20.7218 

3.12 

-2.55470 

-£.67830 

-20.8578 

5.23300 

-2.67830 

2.S7830 

20.8578 

3.13 

-2.6136'' 

-2.66135 

-SO. 9942 

3.27493 

-2.66133 

2.66133 

20.9942 

5.14 

-2.97338 

-2.64432 

-21.1310 

3.32336 

-2.64432 

2.64432 

21.1310 

5.15 

-2.73404 

-2.62721 

-21.2SB1 

3.36126 

-2.62721 

2.62721 

21.2681 

3.16 

-2.79562 

-2.61003 

-21.4055 

3.40563 

-2.61003 

2.61003 

21.4053 

3.17 

-2.^815 

-2.39276 

-21.3434 

3.43091 

-2.59276 

2.59276 

21.5434 

3.1fl 

-2.92163 

-2.37341 

-21.6816 

5.49704 

-2.37341 

2.77541 

21.6816 

3.19 

-2.98611 

-2.337? ? 

-21.8201 

3.54409 

-2.537?? 


21.8201 

5.20 

-3.03139 

-2.54048 

-21.9390 

5.39207 

-2.54048 


21.9590 

3.21 

-3.11812 

.2.52289 

-22.0983 

5.64101 

-2.32289 

2.52209 

22.0983 

3.22 

-3.18373 

-2.50522 

-22.2380 

■ 3.69094 

-2.50522 

2.50522 

22.2300 

3.23 

-3.23443 

-2.48746 

-22.3780 

3.74189 

-2.48746 

2.48746 

22.3780 

5.24 

-3.32426 

-2,46962 

-22.5184 

3.79388 

-2.46962 

2.46962 

22.5184 

3.23 


-2.43170 

-22.6591 

3.84693 

-2.45170 

2.45170 

22.6391 

3.26 


-2.43369 

-22.8002 

5.90113 

-2.43369 

2.43369 

22.8002 

5-27 

-3.94086 

-2.41560 

-22.9417 

5.93646 

-2.41560 

2.41560 

22.9417 

5.26 

-3.61334 

-2.39742 

-23.O836 

6.01296 

-2.39742 

2.39742 

23.0636 

3.29 

-3.69132 

-2.37916 

-23.2238 

6.07067 

-2.37916 

2.37916 

23.2258 

3.30 

-3.76884 

-2.36081 

-23.3684 

6.12964 

-2.36081 

2.36081 

23.3684 

3.31 

-3.64794 

-2.34237 

-23.3114 

6.1B990 

-2.34237 


23.3114 

3.32 

-3.92766 

-2.32384 

-23.6347 

6.23130 

-2_. 32384 

Itfr-Mal 

23.6547 

3.33 

-4.00924 

-2.30522 

-23.7984 

6.31446 

-2.30522 

2.30522 

23.7964 

3.34 

-4.09233 

-2.28632 

-23.9426 

6.37885 

-2.28652 

2.28652 

23.9426 

3.33 

-4.17698 

-2.26772 

-24.0870 

6.44470 

^ Hi 

2,28772 

24.0870 

3.36 

-4.26323 

-2.24884 

-24.2319 

6.31207 


2.24884 

24.2319 

5.37 

-4.33U4 

.2.22986 

-24.3772 

6.58IOO 

S . 22986 

2.22966 

24.3772 

5.38 

-4.44076 

-2.21079 

-24.3228 

6.63155 

-2.21079 

2.21079 

24.5228 

3.39 

-4.53214 

-2.19163 

-24.6688 

6.72377 

-2.19163 

2.19163 

24.6688 

3,40 

-4.62334 

-2.17238 

-24.8152 


-2.17238 

2.17238 

24.8132 

3.41 

-4.72043 

-2.13303 

-24.9620 


-2.15303 

2.13303 

24.9620 

3.4s 

-4.81747 

-2.13339 

-25.1092 


-2.13359 

2.13359 

23.1092 

5.li3 

-4.91653 

- -2.11405 

-25.2568 

7.03058 

-2.11405 

2,11405 

23.2568 

3.44 

-5.01766 

-2.09442 

-23.4048 

7.11208 

-2.09442 

2.09442 

25.4048 

3.43 


-2.07469 

-25.3331 

7.19563 

-2.C7469 

2.07469 

23.5531 

3.46 


-2.03486 

I 

» 

1 

7.28135 

-2.03486 

2.05486 

25.7OI9 

3.47 

-9.33434 

-2.03493 

-25.8510 

7.36927 

-2.03493 

■ 2,03493 

25.0910 

5. 48 

-9.44458 

-2.01491 

-26.0006 

7.45950 

-2.01491 

2.01491 

26.0006 

5.H9 

-3.33732 

-1.99479 

-26.1303 

7.352U 

-1.99479 

1.99479 ' 

26,1303 

3.30 

-5. #7264 

-1.97456 

-26. 3009 

7.^720 

-1.97456 

1.97456 

26.3009 

5.51 

-3.79063 

-1.93424 

-26.4316 

7,74487 

-1.93424 

1.95424 

26.4316 

5.32 

-3.91142 

■ -1.93381 

-26.6328 

7.84523 

-1.93381 

1.93381 

26.6026 

3.33 

-6.03309 

-1.91328 

-26.7543 

7.94837 

-1-. 91328 

1.91328 

26.7543 
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NACA TN No. 1150 


TAF T fl 2 - C OIgYICX EHTa JQR fctfllHnTCflfl AHD JJI1XJUXD mSCTS ICE OOUMI WEES RICHE SHD CLAKPKD 


P*k ' Pfsh® 


Sog - CoSgS + t^SgS 


- SjV + 


Hte - s os a 9 + Soe K S 




Stiffness ooeffloiaate 
at free end 

Coefficients fear induced, shear 
and naeent at claaped end 

L 


*>»(£) 

“^(i) 


^(5) 



j 

****(«) 

COP 










0 

.1 

.2 

:l 

4.00000 

3.99865 

3.99463 

3.98798 

3.97862 

6.00000 

5.99901 

5.99597 

5.99099 

5.98398 

12.0000 

n.9880 

n.gsg 

uisoso 

?.00000 
2.00036 
2.00132 
2.00300 
2. 00536 

6.00000 

5.99901 

5.99597 

5.99099 

5.96398 

-6.00000 

-5.99901 

-5.99597 

-5.99099 

-5.98396 

-12.0000 

-11.9600 

-11.9519 

-11.8920 

-U.8080 

:l 

.9 

3.96656 

3.95177 

3.M424 

3.97495 

3.96391 

5.95083 

3.93571 

5.91833 

11.6999 

11.3678 

11.4117 

11.2314 

11.0271 

2,00840 

2.01214 

2.01638 

2.02176 

2.02769 

5.97495 

5.96391 

5.95083 

5.93571 

5.91053 

-5.97495 

-5.96391 

-3.95083 

-3.93371 

-5.91853 

-11.4117 

-11.2314 

-U.0271 

llO 

1.01 

1.02 

li03 

1.04- 

3.86488 

3^85370 

3.89928 

3.89724 

3.8951s 

5;89310 

3.89099 

10.7986 

10.7744 

10.7300 

10.7253 

10.7004 

2.03440 

2.03511 

2.03383 

2.03636 

2.03730 

5.89928 

5.85724 

5.89510 

3.89310 

5.89099 

-5.89928 

-3.89724 

-5.89310 

-3.89310 

-3.89099 

-10.7966 

-10.7744 

-10.7300 

-10.7*53 

-10.7004 

1.05 

1.06 
l.crr 
1.08 
1.09 

3.85083 

3.84793 

3.84500 

3.84204 

3.83906 

3.88887 

3.88673 

3.88436 

3.88238 

5.88017 

ID. 6p2 
10.6499 

1d!5984 

10,5722 

2.03834 

2.03880 

2.03956 

2.04033 

2.04m 

5.88887 

5.88673 

5.88456 

5.88238 

5.88017 

-3.88887 

-3.88673 

-3.88456 

-5.88238 

-5.88017 

-10. #32 
-10.6499 

-30.6242 

-10.596V 

-10.5728 

1.10 

1.11 

1.12 

}•» 

3.83604 

3.|raoo 

3.82369 

5.07794 

5.07569 

5.07342 

3.07113 

3.86882 

10.5439 

10.3193 

10.4924 

10.4654 

10.4380 

2.04190 

2.04269 

2.04350 

2.04431 

2.04513 

5.07794 

5.07569 

5.07342 

5.8J113 

-3.87794 

-3.87569 

-3.87342 

* 

-10.5439 

-10.3193 

-10.4924 

-10.4634 

-10.4380 





1.15 

1.16 

1:3 

us 

3.86052 

3.81733 

3.81411 

3.81086 

3,80758 

5.86648 

5,86413 

10.4103 

10.3827 

10.3346 

10.3263 

10.2978 

2.04596 

2.04679 

2.04764 

2,04850 

2.04936 

5.86640 

5.86413 

5.86175 

5.85935 

5.85693 

-3.86648 

-5.86413 

-5.86175 

-3.85933 

-3.83693 

-10.4105 

-IO.3263 

-IO.297O 

1.20 

1.21 

1.22 

at 

3.60426 

3.80092 

3.79755 

3.79415 

3.79072 

3.83449 

3.83203 

5.84935 

5.84705 

3.84432 

10.2690 

10.2400 

10.2107 

10.1812 

10.1314 

2.05023 

2.05111 

2.05200 

2.05290 

2.05380 

5.85449 

5.85203 

5.84955 

5.84705 

J.84452 

-3.gg 

-5.84703 

-5.04452 

-10.2690 

-10.2400 

-10.2107 

-10.1812 

-30.1314 

i:S 

3.78726 

3.78377 

3.78024 

3.77669 

3.84197 

3.83941 

3.83682 

5.83421 

10,1215 

10.0912 

10.0607 

10.0300 

2.05 4f2 
2.0556V 

2.05658 

2.05752 

5.84197 

5.83941 

5.03682 

5,83421 

5.83137 

5.82892 

5.82629 

5.82355 

5.82083 

5.81809 

-5.84197 

-3.83941 

-3.83682 

-3.83421 

-3.83177 

-30.1215 
-ID .0912 
-30.0607 
-10,0300 
-9.99905 

1.30 

1.31 

1.32 

S 

3.76949 

3.76585 

3.76217 

3.75847 

3.75473 

3.82892 

5.82623 

3.82355 

5.82083 

3.81B09 

9.96784 

9.93639 

9.^0 

2.05943 

2.o6o4o 

2.06137 

2.06236 

2.06336 

-3.82892 

-5.82625 

-5.82355 

-3.82083 

-5.81809 

-9.90784 

-9.93639 

-5.g 
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TABLE 2 - COEFFICIENTS TOR STIFFNESS AND INDUCED EFFECTS FOR COLUMN WITH RIGHT END CLAMPED - Continued 



MIQSAL ADVTSCSH 
CCMC372EE TCR AEORAOTICS 




NACA TN No. 1150 


TABX2 2 - CMSSTIOIHfrS K® M g «53 S AXD MEUMD ESSOT3 ECB OOLUMH VEEH BK3HE HID CWflSD.- ConttauM 



Stiffness coefficients 
at free end 

Coefficients for induced sheer 
and aaaant at dashed sod 


L 

' J 


or 

( *®r(h) 

**(e) 

**h(S 

V,(S) 

^(e) 



‘to* (ia) 






X 

IS 

33 

2.46740 

2.43772 

2.44638 

2.43439 

2.42265 

4.93480 

4.^667 

4.92125 

4.91381 

4.90638 

0 

-.0652638 v 
-.143132 
-.221263 
-.299638 

2,46740 

2.47096 

2.47317 

2.47942 

2.48373 

4.93480 

4.92867 

4.92123 

4.91381 

4.90638 

-4.93480 

-4.92867 

-4.92123 

-4.91361 

-4.90638 

0 

.0632638 

.443132 

.221263 

.299638 

3.19 

3.20 

3.21 

3.22 

3.23 

2.41003 

4.89889 

-.378316 

457239 

2.48806 

2.49243 

4.89889 

4.89138 

-4.89889 

.378316 

.437239 

2.38766 

2.37498 

2.36289 

4.86866 

-.336424 

-.615873 

-.695390 

2.49684 

2.50128 

2.50376 

4.88364 

4.&7626 

4.86866 

4.86101 

4.83334 

4.84564 

4.83790 

4.83013 

Ii!e7626 

-4.66866 

-4.86301 

-4.83334 

-4.84364 

-4.83790 

-4.83013 

.336424 

.613873 

.695590 

3.24 

3.29 

3.26 

3.27 

3.28 

2.35073 

2.33850 

2.32620 

2.31383 

2.30139 

4.86101 

4.85334 

4.84564 

4.83790 

4.83013 

::W 

-.936321 

-1.01710 

-1.09814 

2.51028 

2.51484 

2.51943 

2.32407 

2.52874 

.T73368 

.853811 

.936321 

1.01710 

1.09814 

3.29 

3.30 

3.31 

3.32 

3.33 

2.28887 

2.27629 

2.26362 

2.23089 

2.23808 

4.82233 

4.81449 

4.&J662 

4.79873 

4.79079 

-1.17944 

-1.26101 

-1.34283 

-1.42493 

-1.50732 

2.33345 

2.53821 

2,54300 

2.34783 

2.33271 

4.82233 

4.81449 

4.80662 

4.79873 

4.79079 

-4.82233 

-4.81449 

-4.80662 

-4.79873 

-4.79079 

1.17944 

1.26101 

1.34263 

1.42493 

1.30732 

3.34 

3.33 

3.# 

2.22520 

2.21223 

2.19920 

2.18608 

2.17289 

4.78232 

4.77482 

4.76678 

4.75871 

4.75061 

-1.58096 
-1.67286 . 

-1.73603 

-1.83947 

-1.92318 

2.53763 

2.56238 

2.58739 

2.37263 

2.377T2 

4.78282 

4,77482 

4.76678 

4.75871 

4.75061 

.4.78262 

-4.7748a 

-4.76678 

-4.75871 

-4.73061 

llfpM 

1.83947 

1.9^318 

3.39 

3.40 

3.41 

3.42 

3.43 

2.15962 

2.14627 

2.13285 

2.11934 

2.10375 

4.74247 

4.73430 

4.72610 

4.71786 

4.70938 

-2.00713 

-2.09139 

-2.17590 

-2.26068 

-2.34373 

2.50283 

2.58803 

1^60 383 

4.74247 

4.73430 

4.72610 

4.71786 

4.70958 

-4.74247 

-4.73430 

-4.72610 

-4.71786 

-4.70958 

2.ocrfi3 

2.09139 

2.17390 

2.26068 

£.34573 

3.44 

3.43 

3.46 

3.47 
3.43 

2.09209 
2.07834 
2.06430 
2.03039 - 

2.03639 

4.70127 

4.69293 

4.68433 

4.67614 

4.66770 

-a. 43105 
-2.51663 
-2.60249 
-2.68861 
-2.77501 

im ' 

2.62003 

2.62555 

2.63m 

4.70127 

4.69293 

4.68455 

4.67614 

4.66770 

-4.70127 

-4.69293 

-4.68453 

-4.67614 

U.66770 

2‘5l663 
2! 60249 
2.68861 
2.TT501 

3.49 

3.50 
3.31 
3.52 
3.33 

2.02251 

2.00834 

1.99409 

1.S7S73 

1.96532 

4.639a. 

4.65070 

4.64214 

4.63333 

4.62493 

-2.86167 

-2.94861 

-3.03581 

-3.1232? 

-3.21104 

2.63671 

2,64236 

2.64806 

2.63381 

2.65961 

4.65921 

4.^070 

4.64214 

4.63355 

4.62493 

-4.65921 

.4.63670 

-4.64214 

-4.63333 

-4.62493 

2.86167 

2.94861 

3.03381 

3.1232? 

3.2110* 

3.34 

3.35 

3.36 

1.59081 

1.93620 

1.92151 

4.61627 

4.60J56 

4I5900T 

4.58127 

-3.29906 

-3.38735 

-3.47591 

-3.56475 

-3.65386 

2.66546 
2.67137 
2. 67733 
2.68335 
2.68942 

4!^S 

4.59007 

4.58127 

-1*.5S127 

3’.3$735 

3.47591 

3£B 

3.39 

3.60 

3.61 

3.62 
3.63 

1.87689 

1.86183 

1.84668 

1.83143 

I.8I&9 

4.57243 

4.56355 

4.55464 

4.54569 

4.53670 

-3.74324 

-3.83289 

-3.92232 

-4.01302 

-4.10350 

2.69354 

2.70172 

2.70796 

2.71423 

2.72061 

4.57243 

4.56355 

4.55464 

4.54569 

4.53670 

-4.57243 

-4.563KS 

-4.55464 

-4.54569 

-4.33670 

3.74324 

3.03209 

3.92202 

4.01302 

4.10330 

3.64 
3.63 
3. § 

1.80066 

1.78513 

1.76930 

1.73377 

1.73794 

4,52768 

4.51862 

4 T 50932 

4.50038 

4.49120 

-4.19425 

-4.03527 

-4.37^7- 

-4,46814 

-4.55999 

2.72702 

2.73349 

2.74002 

2.74661 

2.73326 

4.52768 

4.51862 

4.50952 

4.50038 

4.49120 

J*. 52768 

-4.51 S62 
-4.50952 
-4*50038 

-4.49120 

4.19423 

4.203Z7 

4,37657 

4.46814 

4.55999 

3.69 

3.70 

3.71 

3.72 

3.73 

1.72202 . 
1.70599 
1.6896 6 
1.67363 
1.65729 

4.48199 

4.47274 
4.46345 
4.45413 
4. 44764 

-4.65211 

-4.74451 

-4.8371? 

-4.93014 

-5.02337 

2.73997 

2.76675 

2.77359 

2.78030 

2.78747 

4.48199 

4.47274 

4.46345 

4.43413 

4.44764 

-4.48199 

-4.47274 

-4.46345 

-4.45413 

-4.44764 

V.652U 
4.74451 
4.63719- - 
4.9301^ 
5.02337 
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T W^ 2 - CUEbTICIEItPS ICE SOTFHESS AHD tnm»n EFJECTS ICS OOLEMI WZEH RTitfTT HD CLAHUD - Ccciloaed 


1 

Stiffne«« coefficient ■ 

Cbefficierrta far 

induced Eheer 





* 




L 


**»(£) 

*%(i) 



^(e) 


J 

. ^(e) 

csr 

/_o\ 





^(e) 






3.7* 

1.64085 

4.43536 

-5.11688 

2.79*51 

2.80161 

4.43336 

-4.43536 

5.11688 

3.75 

1.62431 

4.42592 

-5.21066 

4.42592 

-4.42592 

5.21066 

3.76 

1.60785 

4.41644 

-5.30472 

2.80879 

4.41644 

-4,*4l644 

5.30472 

3.77 

1.39089 

4.406J2 

-5.39906 

2.81633 

4.40692 

-4.40692 

5.39906 

1178 

1.37402 

4.39736 

-5.49368 

2.82334 

4.39736 

-4.39736 

5.49368 

3.79 

1.55705 

4.38776 

-5.58897 

-5.68374 

2.83072 

4.38776 

-4.38776 

5.58857 

3.80 

1.53996 

4.37813 

2.83817 

4.37813 

-4.37813 

5.68374 

3.81 

1.52ZT5 

4.36845 

-5.77920 

2.84370 

4.36845 

-4.36845 

5.77920 

5-W93 

3.8c 

1.50544 

4.35873 

-5.87493 

2.85329 

If. 358^3 

-4.35873 

3.83 

1.48802 

4.34898 

-5.97095 

2.86097 

*.3*89° 

-4.3^898 

5.97095 

3.84 

1.47047 

4.33918 

-6.06724 

2.86871 

4.33918 

-4.33918 

6.08724 

3.95 

1.43261 

4.32934 

-6.16381 

2.&765V 

2.88444 

4.32934 

-4.32934 

6.16361 

3.86 

1.43503 

4.31947 

-6.26067 

4.31947 

-4.31947 

6.26067 

3.87 

1.41713 

4.30955 

-6.39780 

2.89242 

4.30955 

-4.30955 

6.35780 

3.88 

1.39912 

4.29959 

-6.45322 

2.90047 

4.29959 

-4.29959 

6.45522 

3.89 

1.38098 

4.28959 

-6.35292 

2.90861 

4.28959 

-4.28959 

6.55292 

1.36272 

1.34434 

1.32583 

-6.63089 

-6.74916 

2.91683 

2.92513 

4.27955 

4.26947 

-4.27955 

-4.26947 


3.91 

4.26947 

6.74916 

6.84770 

3.92 

4.25935 

-6.84770 

2.93352 

4.25935 

-4.25935 

3.93 

1.30720 

4.24919 

-6.94653 

2.94199 

4.24919 

-4.24919 

6.94653 

3.94 

1.28844 

4.23898 

-7.04564 

2.95054 

4.23896 

-4.23898 

7.04564 

3-95 

1.26955 

h , 22873 

-7.14304 

2.95919 

4.22873 

-4.22873 

7.14504 

3796 

1.25052 

h-Olfthk 

-T.2Wt72 

2.96792 

2.77074 

4.21844 

-4.21844 

7.24472 

3.97 

1.23137 

4.20811 

-7.34468 

4.20811 

-4.20801 

7.34468 

3.96 

1.21209 

4.19774 

-7.44493 

2.96565 

4.19774 

-4.19774 

7.44493 

3-99 

1.19267 

4.18732 

-7.54546 

2.99465 

4.18732 

-4.18732 

7.54546 

00 

1.173H 

4.17686 

-7.6*628 

3.00374 

4.17686 

-4.176B6 

7.64628 

4.01 

1.15342 

4.16636 

-7.74739 

3.01293 

4.16636 

-4.16636 

7.74739 

02 

*.03 

1.13359 

1.11362 

4.15581 

4.14522 

-7.84878 

-7.95046 

3.02222 

3.03160 

4.15384 

4.14522 

-4.155§1 

-4.14522 

7:9^6 

k.Gk 

1.09351 

4.13439 

-8.05242 

3.04108 

4.13439 

-4.13459 

8.05242 

4.03 

1.C7325 

4.12391 

-8.13468 

3.05066 

If. 12391 

-4.12391 

8.15468 

4.06 

I.03265 

4.11319 

-8.29722 

3.06034 

4.11319 

-Jf. 11319 

8.25722 

4.07 

1.03230 

*.102V3 

-8.36003 

3.07013 

4.10243 

-4.10243 

8.36005 

4.08 

4.09 

4.10 

1.01160 

.99C7754 

.969755 

4.09162 

-8.46316 

-8;56697 

-8.67027 

3.08002 

4.09162 

-4.09162 

8.46316 

8.56657 

8.67027 


3.09001 

3.10011 

If .O8O76 

H. 06987 

V.ll 

.948603 

4.03892 

-8.77423 

3.11032 

4.05892 


8.77425 

8.87853 

4.12 

4.13 

4.14 
4.13 

.927295 

.905830 

.884206 

.862420 

4.04794 

4.03690 

4.02582 

4.01470 

-8.67853 

-8.96309 

-9.08795 

-9.193ID 

3.12064 

3.13107 

3.14162 

3.13228 

*.0*79^ 

4.03690 

4.02582 

4.01VTO 

A.oVreii 

-*.03690 

8.90309 

9-08795 

9.19310 

-4.01470 

4.16 

.840473 

4.00353 

-9.29854 

3.16306 

4.00353 

-4.00353 

9.29854 

4.17- 

.818363 

3.99231 

-9.40427 


3.99231 

-3.99231 

9.40427 

If. 18 

.796380 

3.98105 

-9.51030 

3.g395 

3.S6105 

-3.96105 

9-51030 

4.19 

.773632 

3.96974 

-9.61661 

3.19611 

3.96974 

-3.96974 

9.61661 

k.20 

4.21 

.751013 

.728221 

3.95839 

3.94698 

-9.72323 

-9.83013 

3.20737 

3.21876 

3.95§39 

3.94698 

-3.95839 

-3.9^698 

9.72323 

9.83013 

4.22 

4.23 

.705254 

.682109 

3.93553 

3.92404 

-9.93733 

-10.0*48 

3.23028 

3.24193 

3.93553 

3.92404 

-3.93553 

-3.92*14 

iSioSs 1 

4.24 

.658785 

3.91249 

-10.1526 

3.25371 

3.91249 

-3.91249 

10.1526 

4.23 

.635279 

3.90090 

-10.2607 

3.26562 


-3.90 090 


4.26 

.611389 

3.88926 

-10.3691 

3.27767 

3.88926 

-3.88926 

ID. 3691 

4.2f 

.587712 

3.8775T 

-10.4778 

3.26986 

8/7 *>7 

-3.37777 


4.28 

.563647 

3.86383 

.10.5867 

3.30219 

3-86583 

-3.86583 


4.29 

.539390 

3.85405 

-10.6960 

3.31466 

3-83405 

-3.85405 

10.6963 

10.056 

^.30 

.514939 

3.84221 

-10.8056 

3.32727 

3-84221 

-3.8*221 

4.31 

.490292 

3.83033 

-10.9154 

3.34004 

3.83033 

-3.83033 

10.9154 

4.32 

.465446 

3.81839 

-11.0256 

3.35295 

3.81839 

-3.81839 

11.0056 

11.1361 

4.33 

.440399 

3.80641 

-11.1361 

3.36601 

3.80641 

-3.83641 
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| Stiffness coefficients 


Coefficients for induced allear 




at frea end 



and mcment at clashed and 


L 


^(if) 



*>*(£) 


& 

j 

*wb(e) 

Of 

***(fc) 




°Wb(M) 




4.34 

.415147 

3.79438 

-11.2468 

3.37923 

3.79438 

-3.79438 

11.2468 

<35 

<36 

.389688 

3.78229 

3.77016 

-11.3579 

-11.4693 

3.39261 

3,40614 

3.78229 

3.77016 

.3.78229 

-3.77016 

U.3579 

11.4693 

.361*019 

4.37 

4.38 

.338138 

.312040 

3.75797 

3.74574 

-11.5809 

-11.6929 

3.41984 

3.43370 

3.75797 

3.74574 

-3.75797 

-3.74574 

11.5809 

U.6929 

4.39 

.283724 

3.73345 

-II.8052 

3.44773 

3.73345 

-3.73345 

11.8052 

*.2lO 

.259187 

3.72111 

-11.9178 

.3.46193 

3.72111 

-3.72111 

11.9178 

4.41 

.232424 

3.70873 

-12.0306 

3.47630 

3.70873 

-3.70873 

I2.O366 

12.1*38 

4.42 

.205434 

3.69628 

-12J.438 

3.49085 

3.69668 

-3.69608 

-3.68379 

4.43 

.178213 

3.68379. 

-12.2973 

3.50558 

3.68379 

12.2573 

*.** 

4.1*9 

.150756 

.123062 

3.^71^ 

3.65865 

-12.3711 

-12.4852 

3.52049 

3,53558 

3.87123 

3.63863 

3.64599 

-3.67125 

-3.63863 

12.3711 

12.*852 

4.45 

.0951270 

3.64599 

-12,3996 

3.5508J 

-3.64599 

12.5996 

4.47 

.0669487 

3.63329 

-12.7143 

3.56634 

3.63329 

-3.63329 

12.71*3 

12.9293 

4.48 

.0385179 

3.62033 

-12.8293 

3.58201 

3.62033 

-3.62033 

4.49 

.0098369 6 

3,60772 

-12.9447 

3.59788 

3.60772 

.3.60772 

12.9**7 

4.30 

-.0190999 

3.59i85 

-13.0603 

3.61395 

3.39483 

3.38193 

-3-’594q^ 

13.0603 

4.31 

-.0482966 

3.58193 

-13,1762 

3.63023 


?8.176e 

4.52 

-.O7775V0 

3.56896 

-13.2925 

3.64672 

3.663*1 

3.56896 

13.29C5 

4.33 

-.107463 

3.55593 

-13.4090 

3.55593 

-3.55593 

13.4090 

4.54 

-.137483 

3.54284 

-13.3239 

3.68033 

3.697*6 

3.34284 

-3.54284 

13.5259 

4.35 

-;l6n6l 

3.52970 

-13.6431 

3.52970 

-3.52970 

13.6431 

4.36 

MS 

4.59 

-.lge317 

-.22912$ 

3.51651 

j'inros 

-13.9963 

-14.1149 

3.71482 

3.73241 

3.75023 

3.768e9 

3.51651 

3.50325 

3.48993 

3.47658 

-3.51651 

-3.50325 

-3.48995 

-3.47658 

13.7606 

13.078* 

13.9965 

14.1149 

-.291712 

3.47658 

4.60 

-.323435 

3.46316 - 

-14.2337 

3.78659 . 

3.46316 

-3.46316 

14.2337 

4.61 

-.355461 

3.44968 

-14.3527 

3.80314 

3.44968 

-3.44968 

14.3527 

4.62 

-.387795 

3.43614 

-14.4721 

3-82394 

3.43614 

-3.43614 

14.4721 

4.63 

-.420442 

3.42235 

-14.5918 

3.84299 

3.42255 

-3.42255 ■ 

14.5918 

4.64 

-.493408 

-.486697 

3.40890 

-14.7118 

3.86230 

3.40890 

-3.40890 

14.7118 

14.8321 

4.65 

3.39518 

-14.8321 

3.88188 

3.39518 

-3.39518 

4 .66 

-.520316 

3.38141 

-14,9528 

3.90173 

3.9S1S3 

3.38141 

-3.38141 

14.9528 

4.6r 

-.554£69 

3.38739 

-15.0737 

3.36759 

-3.36759 

15.0737 

4.68 

-.588563 

3.33370 

-15.1950 

3.94226 

3.35370 

-3.35370 

15.1930 

4.69 

4.70 

-.623202 

-.658194 

3.33975 

3.3257* 

-13.3166 

-15.4385 

3.96295 
3. #394 

3.33975 

3.3251* 

-3.33975 

-3.32574 

m 

4.71 

-.693545 

3.31167 

-13.5608 

4.00522 

3. 31167 

-3.3lifi7 

-3.2972* 

-3.W332 

4.72 

-.729259 

3.29754 

-15.6833 

4.02680 

3.2975* 

15.6833 

15.8062 

4.73 

-.765345 

3.28335 

-13.8062 

4.04870 

3.28335 

4.74 

-.801808 

3.26910 

3.25479 

3.24041 

-15.9294 

4.07091 . 

4.09344 

3.26910 

-3, 26010 

15.9294 

4.75 

-.838636 

-16.0529 

3.25479 

-3.25*79 

16.0529 

4.76 

-.875895 

-16.1768 

4.U.63I 

3.24041 

-3.24041 

16.1768 

4.77 

-.913532 

3.22597 

3.211*7 

II 

1 1 

4.13950 

3.22597 

-3.22597 

16.3010 

4.78 

-.951574 

4.16305 . 

3.21147 

-3.21147 

16.4253 

4.79 

-.990030 

3.19691 

-16,5503 

4.18694 

3.19691 

-3.19691 

16.5503 

4.80 

-1.02891 

3.18228 

-16.6754 

4.21119 

3.18228 

-3.l8e28 

16.6754 

4.81 

-1.06821 

3.16759 

,16.8009 

-16.9067 

4.23580 

3.16759 

-3.16759 

16.6009 

4.82 

-1.1C795 

3.15283 

4.26D79 

3.15283 

-3.15283 

16.9267 

4.83 

-1.14814 

3.13801 

-17.0529 

4.28615 

3.13801 

-3.13801 

17.0529 

4.84 

4.83 


&SS 

-17.1793 

-17.3061 

4.31191 

4.33806 

3.12313 

3.10818 

-3.12313 

-3.105LB 

17.1793 

17,3061 

4.86 

-1. 27i46 

3.09316 

-17.4333 

4.36462 

3.09316 

-3.09316 

-3.07008 

17.4333 

4.&T 

-1.31352 

3.07808 

-17.5607 

4.39159 

3.07808 

17.5607 

4.88 

-1.35606 

- 3.06293 

-17.6885 

4.41899 

3.06293 

-3.06293 

17.6385 

4.89 

-1.39911 

3.04771 

-17.8167 

4.44682 

3.04771 

-3.04771 

17.8167 

4.90 

-1.44266 

3.03243 

3.01708 

-17.9451 

4.47509 

3.03243 

-3.032*3 

-3.01708 

17.9451 

4.91 

-1.48674 

-1B.0740 

4.50381 

3.01708 

18.0740 

4.92 

-1.53135 

3.00166 

-18.2031 

4.53300 

3.00166 

-3.00166 

18.2031 

4.93 

-1.57650 . 

2-96617 

-18,3326 

4.56266" 

2.96617 

-2.96617 

18.3326 


IUTIOHAL APyXSCET 
COUffiPTES TOR AEK21AUTIC8 




sVs&fc affepsfc kkksk tsmska fflispes &£sk«s atstiss assss- s spss 


NACA TN No. 1150 


53 


TJlBJX 2 - CQETICIECS IQB mihlu^ihcks JU© IHtu r.TU jgjSOSS TOE OQUMf WHS KE3HP HO CWKED - Continued. 


Stiffness coefficient* 
art free and 

Coefficient* fear ininced efcear 
Kaetrt at clanged end 


^(e) 

or 

■*.(#) . 


**(£) 


*%(§) 



-2. 11242 
-2.16507 
-2.21843 
-2.27253 
-2.32738 

-2.38301 

-2.43942 

-2.49665 

-2.55470 

-2.61363 

-2.67338 

-2.73404 

-2.79562 

-2.65815 

-2.92163 

-2.96611 
-3.03159 
-3 .11612 
-3.18573 
-3.25443 

-3.32426 

-3.39523 

-3.46744 

-3.54086 

-3-61334 

-3.69152 

-3.76884 

-3.84754 

-3.92766 

-4.00924 

-4.09233 

-4.17698 

-4.26323 

-4.35114 

-4.44076 

-4.53214 

-4.62534 

-4.72043 

-431747 


2.72869 
e . 71197 
2.69317 
2.^830 
2.66133 

2.64432 

2.62721 

2.61003 

2.59276 

2.77541 




-20.4307 

-20.5861 

-20.7218 

-20.8578 

-20.9942 


-21.8201 

-21.9590 

-22.0563 

-221^80 

-22.3780 


-22.5184 

-22.6591 

-22.8002 

-22.9417 

-23.0836 

-23.2258 

-23.3684 

-23.5U4 

-23.6547 

-23.7984 

-23.9426 

-24.0870 

-24.2319 

-24.3772 

-24.5228 

-24.6688 

-24.8152 

-24.9620 

-25.1092 

-25.2568 

-25.4048 

-25.5331 

-25.7019 

-25.8510 

-26.0006 

-26.1305 

-26.3009 

-26.4516 

-26.6028 

- 26.7343 


7.11208 

7.19565 

7126135 

7.36927 

7.45950 

7.55211 

7.64720 

7.74437 

7.84523 

7.94837 


-2.09442 

-2.07469 

-2.05486 

-2.03493 

-2.01491 

-1.9947^ 

-1.57456 

-1.95424 

-1.93381 

-1.91328 


22:5184 

22.6591 

22.8002 

22.9417 

23.0836 

§15114 

23.6547 

23.7984 

23.9426 

24.0870 

24.2319 

24.3772 

24.5228 


25.4048 

25.3531 

25.7019 

25.8310 

26.0006 

26.1505 

06.3009 

26.4316 

26.6026 

26.7543 
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IAHU5 3 - FORCE AHD M»ETW Dl^ERIBOTIQH CXKPDMIOSS FOE ILLU32RAHfE ETAKPEE 


Joint C 


t 





I 


Joint B 

6 - 5.25610 X 10~ 6 M 

Sqx . -*563.56 e 


Sot VLB9 d. 


c 

0 

*=L 
'»°L 
" % 
% 


- 174,830 © 


0.00140853 T 
2.6S805 x IQ" 6 H 
174,830 e - 4583.56 8 
4563.56 0 - 12.1358 8 

-4563.56 0 - 12.1358 6 
174,830 0 + 4563.56 8 


B C . s 

Sheer Kcosnt Maaent Shear Shear hkaaenb Moment Shear Shear Maient 


-100 5000 

-6989.8 -326.94 -173.06 4834.6 

7 - 292.1 0 

8 - 0.410847 In. 

. . -2605.4 -119.04 -280.96 3748.8 

H . -2229.2 

0 - -5.85845 x 10-3 

-2899.15 

M - 4888.95 
0 - 25.6968 x 10-3 

M ---4492.57 - 

0 - -11.8067 x 10- 3 

*■ 

-U7.269 4492.57 
T - 117.269 . 

8 - 0.164942 in. 

-2816.89 
M - 2816.89 
0 = 14.8059 x 10-3 

H- -2588.52 
0 - -6.80276 x 10 -3 


-67.5676 2588.52 
r - 67.5676 
8 = 0.0950359 in. 

-1623.03 
M - I623;a3 
0 - 8.53081 x 10-3 

X - -1491.44 
0 - -3.91958 x ID' 3 


-38.9309 1491.44 
T - 38.9309 
8 - 0.0547575 In. 

-935.149 
M - 935.149 
0 - 4.91524 X 10-3 




Total deflections 
and rotations 
after 10 cycles 

©B - 60.3862 x 10-3 B e . O.797298 in. 

®e - -33.5210 x 10-3 - 

After 20 cycles 

®B = 60.6297 X 10* 3 8 C - 0.800011 in. 

0 C - -33.7152 x 10-3 

Exact restate 

©B = 60.6307 X 10-3 8,, - 0.800022 in. 

0 O - -33.7160 x IS" 3 


HATICHAL AUVXSdTT 
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TABUS 4 - COMPUTATIONS FOR THE LES’LECTION CURVE 
OF SPAR BC (muaERATIVE EXAMPLE) 


Sb «* 0.06063 

Bp = 0.8000 Inch l froa 

table 3 

0 C = .0.033716 


Q - 500 pounds 
L = 80 Inches 
El 

— 5- » 3JL.328 pounds per Inch 
L 3 



L 

j 


3 


1 


*2 

2L 

00L 

74 

*1 

(la.) 

y 2 

(la.) 

y 3 

(la.) 

74 

(in.) 

Total 

deflection, y 
(in.) 

(a) 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 . 

.1 

.00078 

.086 

-.011 

.025 

.035 

.419 

. .030 

.020 

.504 

.2 

.00258 

.144 

-.040 

.096 

.114 

.698 

.108 

.077 

.997 

.3 

.00458 

Mnf JriMf* 

-.080 

.207 

.202 

.837 

.215 

.166 

1.420 

.4 

.00596 


-.121 

.346 

.263 

.847 

.326 

.277 

1.71.3 

•5 

.00612 

MSSr VjM 

-.155 

.500 

.270 

.753 

.419 

.400 

1.842 

.6 

.00520 

.121 

-.175 

.654 

.230 

.586 

.471 

.523 

1.810 

.7 

.00366 

.080 

-.173 

.793 

.161 

.386 

.465 

.634 

1.646 

.8 

.00194 

.o4o . 

-.144 

.904 

.086 

.195 

.388 

.723 

1.392 

.9 

.00057 

.011 

-.086 

.975 

.025 

.054 

.233 

.780 

1.092 

1.0 

0 

0 

0 

1.000 

0 

0 

0 

.800 

.800 


y - + 72 + y 3 + y^ 

= deflection due to lateral load from figure 8(d) 
yg = deflection due to rotation of joint B frcm. figure 10 
y^ “= deflection due to rotation of joint C frctn. figure 10 
y^ « deflection due to deflection of joint C from figure 9 
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TABLE 5 _ COMPUTATIONS FOR BENDING-MOMENT DIA21AM 
FOR SPAN BC (iliGCBTElAIITE EXAMPLE) 

P => 8156.25 pounds 
%0 = - 213.82 pounds 
l^C = -5000 inch-pounds 
A = y - (y) 

-mO 

L 

Bending moment at x <_ 32 in. = 1 %q + PA - S^qx 

Bending mcanent at x ^ 32 in. « 1 %q + PA - S^qx - 500 ( 21 - 32) 


X 

L 

(iS.) 

j from, 
table 4 
(in.) 

A 

(in.) 

— 

PA 

(in. -lb) 

- S BC X 
(in. -lb) 

-500 (x - 32) 
for x £32 
(in. -lb) 

Bending 
moment 
(in. -lb) 

0 

0 

0 

0 

0 

0 


-5000 

.1 

8 

.504 

.504 

4100 

1710 


810 

.2 

16 

.997 

.997 

8130 

3420 


6550 

.3 

24 

1.420 

1.420 

3 I 58 O 

5130 


11710 

.4 

32 

1.713 

1.713 

13970 

6840 

0 

15810 

.5 

40 

1.842 

1.842 

15020 

8550 

-4000 

14570 


48 

1.810 

1.810 

14760 

10260 

-8000 

12020 

.7 

56 

1.646 

1.646 

13430 

11970 

-12000 

8400 

.8 

64 

1.392 

1.392 

H350 

13680 

-l 6000 

4030 

.9 

72 

I .092 

1.092 

8910 

15400 

-20000 

- 69 O 

1.0 

80 - 

.800 


6530 

17110 

-24000 

-5360 
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Figure (.-Continuous beam-column on elastic supports. 
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Fig. 3. 
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Figure 3.- Fixed- end moment coefficients for a 
beam-column subjected to a uniformly 
distributed lateral load. 
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Figure 4. - "Two - span fundamental structural 
unit in force and moment distribution . 
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Figure 5. - Free - body diagram of left-hand span. 
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Fig. 6 . 



Figure 6.- Free-body diagram of right-hand span. 


Fig. 7 
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Deflection = y 



Figure 7.- Deflections of a clamped-end beam- 
column due to a uniformly distributed lateral 
load . 
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Fig. 8a 





Figure 8.- Deflections of a damped- end beam -column 
due to a concentrated lateral load . 
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(b) -£ = 0.2 

Figure 8.- Continued . 
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(e) -£- = 0 . 5 . 


Figure 8.- Concluded . 



Fig. 9 


NACA TN No. 1150 




NATIONAL ADVISORY 
COMMITTEE F0« AERONAUTICS 


Figure 9 Deflections of q clamped- end column 
due to lateral movement of one end. 













I = 0,Z inch^ 


! 

y = 3 for spans 

Span AB has no 


BC and CD 
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Piqure j( 4 - Dfrucfure anaiyzea Tor iiiuanunvc, example. 
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Figure 13. - Bend ing - moment diagram for span BC in 

illustrative example. 




